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RELATIVISTIC THEORY OF THE NEGATIVE MUON CAPTURE BY AN ATOM

We reviewed an effective consistent approach to determination of the cross-section for the negative muon
capture by an atomic system. The approach is based on the relativistic many-body perturbation (PT) theory
with using the Feynman diagram technique and a generalized relativistic energy approach in a gauge-invariant
formulation. The corresponding capture cross-section is connected with an imaginary (scattering) part of the
electron subsystem energy shift ImdE (till the QED perturbation theory order). The some calculation results
for cross-section of the negative muon p - capture by He atom are listed and reviewed. The theoretical and
experimental studying the muon-y-nuclear interaction effects opens prospects for nuclear quantum optics,
probing the structural features of a nucleus and muon spectroscopy in atomic and molecular photophysics.

1. Introduction

Muonic atoms have always been useful tools for
nuclear (atomic) spectroscopy employing atomic-
physics techniques. Electrons, muons (other
particles such as kaons, pions etc) originally in
the ground state of the target atom can be excited
reversibly either to the bound or continuum
states. With appearance of the intensive neutron
pencils, laser sources studying the y-u-nuclear
interactions is of a great importance [1-20]. The
rapid progress in laser technology even opens
prospects for nuclear quantum optics via direct
laser-nucleus coupling [19-26]. It is known that
a negative muon u captured by a metastable
nucleus may accelerate a discharge of the latter by
many orders of magnitude [18-22]. The p-atom
system differs advantageously of the usual atom;
the relation » /r (r is a radius of a nucleus and
r is a radius of an atom) can vary in the wide
limits in dependence upon the nuclear charge.
The estimates of probabilities for discharge of a
nucleus with emission of y quantum and further
muon or electron conversion are presented in ref.
[2-4,19,20,22]. Despite the relatively long history,
studying processes of the muon-atom and muon-
nucleus interactions hitherto remains very actual
and complicated problem. Theoretical estimates
in different models differ significantly [1-4,22].
According to Mann & Rose, the p capture occurs
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mainly at the energies of E~10xeV, but according
to Bayer, muons survive till thermal energies
[2,20]. In many papers different authors predicted
the p capture energies in the range from a few
dozens to thousands eV. The standard theoretical
approach to problem bases on the known Born
approximation with the plane or disturbed wave
functions and the hydrogen-like functions for the
discrete states. In papers by Vogel etal and Leon-
Miller the well-known Fermi-Teller model is used
(the atomic electrons are treated as an electron
gas and a muon is classically described) [2-4].
In paper by Cherepkov and Chernysheva [2] the
Hartree-Fock (HF) method is used to calculate the
cross-sections of the capture, elastic and inelastic
scattering of the negative pu on the He atom. In
recent years more advanced approaches using the
fermion molecular dynamics method are used to
solve the scattering and capture problem [4,5].
The Kravtsov-Mikhailov model [4] describes
transition of a muon from the excited muonic
H to He based on quasimolecular concept. The
series of papers by Ponomarev et al on treating
the muonic nuclear catalysis use ideas of Alvarets
et al [5]. More sophisticated methods of the
relativistic (QED) PT should be used for correct
treating the muon capture effects by multielectron
atoms (nuclei). In Refs. [20] it has been presented
the theoretical basis of a new relativistic energy



formalism. Here we reviewed some aspects of
this approach to calculation of the cross-section
of the negative muon capture by atoms, using
relativistic many-body PT [20,24-27] and listed
some computing results for the cross-section of
w capture by the He atom.

2. Relativistic energy approach to the muon-
atom interaction

2.1. General Formalism

In atomic theory, a convenient field procedure
is known for calculating the energy shifts AE
of the degenerate states. Secular matrix M
diagonalization is used. In constructing M, the
Gell-Mann and Low adiabatic formula for AE
is used. A similar approach, using this formula
with the QED scattering matrix, is applicable
in the relativistic theory [20,24-27]). In contrast
to the non-relativistic case, the secular matrix
elements are already complex in the PT second
order (first order of the inter-electron interaction).
Their imaginary parts relate to radiation decay
(transition) probability. The total energy shift of
the state is usually presented as follows:

AE = ReAE + i ImAE, (1a)

Im AE = -T2, (1b)
where I' is interpreted as the level width,
and the decay possibility P=I". The whole
calculation of energies and decay probabilities
of a non-degenerate excited state is reduced to
calculation and diagonalization of the complex
matrix M. To start with the Gell-Mann and
Low formula it is necessary to choose the PT
zero-order approximation. Usually, the one-
electron Hamiltonian is used, with a central
potential that can be treated as a bare potential
in the formally exact QED PT. There are many
well-known attempts to find the fundamental
optimization principle for construction of the
bare one-electron Hamiltonian (for free atom or
atom in a field) or (what is the same) for the set
of the one-quasiparticle (QP) functions, which
represent such a Hamiltonian [24-27]. Here we
consider closed electron shell atoms (ions). For

example, the ground state 1s? of the He atom or
He-like ion. As the bare potential, one usually
includes the electric nuclear potential V, and
some parameterized screening potential V.. The
parameters of the bare potential may be chosen
to generate the accurate eigen-energies of all
two-QP states. In the PT second order the energy
shift is expressed in terms of the two-QP matrix
elements [20,24-27]:

V(12:43) = (20, +1)(20, +1)(2i5 +1)(2}, 1)
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(=1) (2)
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Here Q2" is corresponding to the Coulomb

inter-particle interaction:

il — (R, (1243)S,(1243) + R, (1243)S, (1243) +
+R,(1243)S,(1243)+ R, (1243)S,(1243)}, 3)
where R (1,2;4,3) is the radial integral of the
Coulomb inter-QP interaction with large radial
Dirac components; the tilde denotes a small Dirac
component; S, is the angular multiplier (see details
in Refs.[20,24-30]). To calculate all necessary
matrix elements one must have the 1QP relativistic
functions. Further we briefly outline the main
idea using, as an example, the negative muon
capture by He atom: ((Is)’/JM], & *)—(Isel,c /).
Here J. is the total angular moment of the initial
target state; indices € *and ¢ . are the incident and
discrete state energies, respectively to the incident
and captured muons. Further it is convenient to
use the second quantization representation. In
particular, the initial state of the system “atom

plus free muon” can be written as ;" ®¢ state.
The final state is that of an atom with the discrete
state electron, removed electron and captured
muon; in further |/> represents one-particle (1QP)
state, and |F> represents the three-quasiparticle
(3QP) state. The imaginary (scattering) part of
the energy shift /m AE in the atomic PT second
order (fourth order of the QED PT) is as follows
[20,24,25]:
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ImAE = nG(e,, ¢, ,¢},.€% ), 4)
where indices e,v are corresponding to atomic
electrons and G is a definite squired combination
ofthe two-QP matrix elements (2). The value 6=-2
ImAE represents the capture cross-section if the
incident muon eigen-function is normalized by the
unit flow condition. The different normalization
conditions are used for the incident and captured
state QP wave functions. The details of the whole
numerical procedure of calculation of the cross-
sections can be found in Refs. [20,24-27].

2.2 The Dirac-Kohn-Sham Relativistic Wave
Functions

Usually, a multielectron atom is defined by a
relativistic Dirac Hamiltonian( the a.u. used):

H =3 hr)+ 3V (rr,)

i>

()

Here, h(r) is one-particle Dirac Hamiltonian
for electron in a field of the finite size nucleus and
V'is potential of the inter-electron interaction. The
relativistic inter electron potential is as follows
[20,24,25]:

V(”,-”j) - exp(iwg’ﬂj)'wa

T

(6)

where ®, is the transition frequency; o .0 are
the Dirac matrices. The Dirac equation potential
includes the electric potential of a nucleus and
exchange-correlation potential. One of the
variants is the Kohn-Sham-like (KS) exchange
relativistic potential, which is obtained from a
Hamiltonian having a transverse vector potential
describing the photons, is as follows [31]:

VRS . 3 [B+B+D)7] 1
Vilp(r),r1=Veo (r) {21n—,8(/)’2+1)”2 2}» (7)
where

B=0B7p(r]"/c (8)

The corresponding correlation functional is
[20,31]:

Velp(r),r]1=—-0.0333-b-In[1+18.3768- p(r)"*1,  (9)
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where b is the optimization parameter (see details
in Refs. [20,27,32]). Earlier it has been shown
[27-32] that an adequate description of the atomic
characteristics requires using an optimized base
of the wave functions. In Ref. [24b] a new ab
initio optimization procedure is proposed. It is
reduced to minimization of the gauge dependent
multielectron contribution /mAE  ~of the lowest
QED PT corrections to the radiation widths of
atomic levels. In the fourth order of QED PT
(the second order of the atomic PT) there appear
the diagrams, whose contribution to the ImAE
accounts for correlation effects. This contribution
is determined by the electromagnetic potential
gauge (the gauge dependent contribution). All the
gauge dependent terms are multielectron by their
nature. The dependent contribution to imaginary
part of the electron energy is obtained after
involved calculation, as [24b]:
1 1

2 +

wfmsf Oy + Oy O

IméE,, (a-s|b)= —C%””dﬁdﬁdrgdm =0, )

XW; (rl )l‘y:,(rz )lp:(r;;)l]/:(rs) [(] _alaz) / riz]' {[a3a4 - (a3n34)(a4n34)]/r34

xsin[@,, (1, + )]+ [1+ (yny, ) aym,)]o,, cos@,, (1, +1,)]}
><Sym (1"3 )yja (r4)yjn (rz )S”; (}'i )

(10)

Here, C is the gauge constant, f'is the boundary of
the closed shells; n > f" indicating the vacant band
and the upper continuum electron states; m < f
indicates the finite number of states in the atomic
core). The minimization of the /mAE  leads to
the Dirac-like equations. In concrete calculation
it is sufficient to use the simplified procedure,
which is reduced to the functional minimization
using the variation of the parameter b in Eq.(9)
[20,25].

2.3 Capture of negative muons by helium atom

The results of calculation of the cross-section
for the negative muon capture by atom of He are
shown in Figures 1-3. The scheme includes 2x10°
points till distance 25a, (a, is the Bohr radius).
The main contribution to the capture cross-section
is provided by transitions with the moment /=0-3.
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Figure 1. The calculated dependences of the Auger

capture cross-section (solid line— E=50eV; dotted

line - E=20eV) on orbital number / for different »

values for incident g energies 20, 50 eV (from Refs.
[2-4,20]).

G,
sz

10—17

Figure 2. The capture cross-sections in dependence

on the orbital number 1 after summation on the n

number (digits in figure — the muon energies in eV;
from Refs. [2-4,20]).

First we studied the behaviour of curves of
the p capture cross-section in dependence on the
principal quantum number » with summation on
the orbital moments / for several values of the
muon initial energy. In whole our curves are lying a

little higher than the corresponding curves of Refs.
[1-3]. The analysis shows that for the incident p
energies 16 and 50eV the capture cross-section
begins to decrease for all » with growth of the /
number (/>10). The states with large / for the muon
energies (lower or higher in comparison with the
atomic ionization potential value) are populated
less probably than in a case of the p energy of the
ionization potential order. In figure 1we present
the calculated dependences of the Auger capture
cross-section on the orbital number / for different
n values for the incident p energies of 20 and 50
eV. In figure 2 we present the calculated capture
cross-section in the dependence on the / number
after summation on 7.

In figure 3 we present the total capture cross-
section in terms of energy (with summation on
all n,/): data on the Auger capture cross-section
— curve 7 (elastic and inelastic scattering cross-
sections) — curves 2,3 [20]. We also present the
results by Copenman and Rogova in the Born
approximation with using the hydrogen-like wave
functions (curve 5) and the HF data [2] (curve 1),
the inelastic scattering cross-section by Rosenberg
(curve 4), the transport cross-section (x symbol)
[2,3,20]. The analysis of the results shows that
the data [2-4, 20] are in physically reasonable
agreement. But, there is an essential difference of
the Mann-Rose and Bayer data [1-3].
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Figure 3. Total cross-section of p~ capture in depend-
ence on an energy: the Auger capture cross-section
— curve 7; elastic and inelastic scattering cross-sec-
tions — curves 2,3 by Glushkov et al; cross-section
of capture by Copenman and Rogova (curve 5);
the HaF data by Cherepkov-Chernysheva — curve
1; inelastic scattering cross-section by Rosenberg —
curve 4; the transport cross-section — x (from Refs.
[2-4,20]).
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The relativistic corrections were to found to be
small here, but computing heavy atoms (nuclei)
requires a proper treatment for both relativistic
and correlation effects.

3 Concluding Remarks and Future Per-
spectives

We have presented a new relativistic approach
to calculation of the cross-section of the negative
n capture by atoms. The approaches are based
upon the relativistic many-body PT theory, energy
approach. Note that further development of
electron-p-nuclear spectroscopy of atoms (nuclei)
is of a great theoretical and practical interest. The
development of new approaches [2-6,21-23] to
studying the cooperative e-,u-y-nuclear processes
promises the rapid progress in our understanding
of the nuclear decay. Such an approach is
useful, providing perspective for search for new
cooperative effects on the boundary of atomic
and nuclear physics, carrying out new methods
for treating (the muonic chemistry tools) the
spatial structure of molecular orbitals, studying
the chemical bond nature and checking different
models in quantum chemistry and atomic physics
[3-8,18-23,49].
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A. B. I'mywikos

PEJATUBUCTCKUM SHEPTETUYECKHWHI MOAXO] K ONUCAHUIO TPOIIECCA
3AXBATA OTPUHATEJIBHOI'O MIOOHA ATOMOM

Pe3rome

B pabote 0630pHO M37105KEHBI OCHOBBI HOBOTO 3(h()eKTUBHOTO MOJXO0AA K OMPENIEICHUIO0 CEUCHUI
3axBaTa OTPULATEIBHOIO MIOOHA aTOMHOM CHCTEMOM, OCHOBAHHOTO Ha PEISTUBUCTCKOM MHOrOYa-
CTUYHON TEOPHH BO3MYILEHUS C UCIOIb30BaHHUEM (eHHMAaHOBCKOW TUarpaMMHOM TEXHUKH M 0000-
IIIEHHOM PEJISITUBUCTCKOM SHEPreTHYeCKOM (hopMasiu3Me B KaTHOPOBOUHO-MHBAPHUAHTHON (hOpMyITH-
poBke. COOTBETCTBYIOLIEE CEUEHHE 3aXBaTa OTPULIATEILHOIO MIOOHA aTOMOM OIPEEIIAETCS MHUMON
4acThIo SHepreTrdeckoro cisura ImSE snexrponnoii noacuctemsl. OO30pHO MPEACTABICHBI PE3YIb-
TaTbl HEKOTOPBIX PAaCUYeTOB CECUEHHUs 3axXBaTa OTpULATEeIbHOro MrooHa aroMoMm He. Teopernueckoe u
HKCIIEPUMEHTAIbHOE n3yueHHe 3(p(PeKToB MIOOH-raMMa-sIIEPHBIX B3aMMOJICHCTBHI OTKPHIBAET Iep-
CTIIEKTUBBI Pa3BUTHsI HOBON 001acTH KBAaHTOBOU ONTHKH, a KIMEHHO, SIJCPHON KBaHTOBOW ONTHKH,
BO3MO)KHOCTH 30HJIMPOBAHMS CTPYKTYPHBIX 0COOCHHOCTEH spa (atoma) M JalbHEHIIero pa3BUTHs
HATPaBICHUS MIOOHHOH CIIEKTPOCKOIIUY B aTOMHOW U MOJIEKYJISIPHOU (pr3HKe.

KuroueBblie ci10Ba: KoomnepaTUBHBIE MIOOH-FaMMa-sJIEPHBIE MTPOLIECCHI, 3aXBaT MIOOHA aTOMOM,
PENSATUBUCTCKUNA SHEPTETHUECKUIN (POpMaIH3M
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PEJATUBICTChbKUI EHEPTETUYHWI OIJIXII 1O ONUCY MPOILECA
3AXOIVIEHHSI HETATUBHOI'O MIOOHA ATOMOM

Pesrome

VY po06oTi OIIA0BO BUKIIAJAECHI OCHOBH HOBOTO €()EKTUBHOTO IMiIXOAY 10 BU3HAUYEHHS MEPETUHIB
3aXOIUICHHS] HEraTUBHOTO MIOOHA aTOMHOI CHCTEMOIO, 3aCHOBAHOTO Ha PEISATHBICTCHKINM OaraTodac-
TUHKOBIH Teopii 30ypeHb 3 BUKOPUCTAHHAM (PEeHHMaHIBCHKOX JiarpaMHOI TEXHIKHU 1 y3araJbHEHOMY
PENSATUBICTCHKOMY €HEepreTHuyHOMY (opMaii3mi y KajaiOpyBalbHO-iHBapiaHTHOMY (DOPMYITIOBaHHI.
BinnoBigHuii nepeTuH 3aXOIUICHHS HETaTMBHOTO MIOOHA aTOMOM BH3HAYA€THCS YSBHOIO YaCTHUHOIO
eHepreTruuHoro 3cyBy ImOE enexkrponHnoi migcucremu. OmIsg0BO MPEACTABICH] pe3yabTaTH JSsIKUX
PO3paxyHKIB IIEPETHHY 3aXOIJICHHS HETaTUBHOTO MIOOHA aroMoM refisi. TeopeTnyHe 1 eKcriepuMeH-
TaJbHE BUBYCHHS €(DEKTIB MIOOH-TaMMa-sICPHUX B3a€MOJIiH BiIKpUBA€E MEPCIIEKTUBU PO3BUTKY HOBOT
rairy3i KBaHTOBOI ONTUKH, a CaMe, sIIEPHOT KBAHTOBOI ONITUKH, HOBI MOXJIMBOCTI 30H/IyBaHHS CTPYK-
TYpHHX OCOOJIMBOCTEN siipa (aToMa) i MOAAIBIIOT0 PO3BUTKY HANPSAMKY MIOOHHOI CIIEKTPOCKOIIT B
aTOMHIH 1 MONIEKYISIpHOi (OTOPI3MIII.

Kiro4oBi ciioBa: koonepaTuBHI MIOOH-TaMMa-siJIepHi MPOLECH, 3aXOMJICHHS MIOOHA aTOMOM, pe-
JSATUBICTCHKUN €HEPreTHUHUH hopmanizm
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