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RELATIVISTIC ENERGY APPROACH TO ATOMIC

SYSTEMS IN A STRONG ELECTROMAGNETIC FIELD IN

PLASMAS

The fundamentals of a consistent relativistic approach to determination of radiation and spectral
characteristics of the atomic systems (atoms, multicharged ions in plasmas conditions) in a strong
external electromagnetic field (EMF), which is based on a relativistic energy formalism (REA)
(adiabatic Gell-Mann and Low formalism) and relativistic many-body perturbation theory (RMBPT)
formalism for atomic systems in a plasmas are presented. Within an energy approach in relativistic
approximation the Gell-Mann and Low formula expresses the imaginary part of an atomic level energy
shift OF through the QED scattering matrix, which includes an interaction as with an EMF as with the
photon vacuum field (spontaneous radiative decay). It results in possibility of an uniform simultaneous
consideration of spontaneous and (or) induced, radiative processes and their interference. The
radiation atomic lines position and shape fully determine a spectroscopy of the plasmas atomic systems
in an EMF. The effective modified technique, based on the Ivanova-Ivanov method of differential
equations, for computing the infinite sums in expressions for a spectral line shifts and broadening is
shortly described. The fundamentals of a formalism of the relativistic gauge-invariant RMBPT with

the optimized Dirac-Kohn-Sham (DKS) and Debye-Hiickel zeroth approximations are presented.

1. Introduction

Spectroscopy of atomic and molecular systems
in a strong electromagnetic field belongs to
one of the most relevant and practically
important directions of modern optics and
spectroscopy, in particular, as one of the main

sources of spectroscopic information for
atomic, molecular, nuclear physics, laser
physics, quantum and photo-electronics,

plasma physics, astrophysics, etc. In recent
years, great interest in both the theoretical
fundamental and its numerous applied aspects
has grown dramatically. This is due to many
reasons, and first of all, we are talking about
significant progress in the development of new
experimental research methods, in particular, a
significant increase in the intensity and quality
of laser radiation, the use of accelerators,
heavy ion colliders , sources of synchrotron
radiation, neutron sources, etc. (e.g.[1-26]),
which opens completely new opportunities for
the study of increasingly energetic processes,
stimulates the development of new theoretical
methods for calculating their characteristics in
spectroscopy due to collisions of electrons,

photons, atoms, molecules. It’s appropriate to
remind that in many modern plasma
experiments (using tokamak plasma, laser
plasma, etc.), as well as in astrophysical,
space, laboratory, etc. electric fields of various
classes are available in the plasma, including
quasi-monochromatic electric fields with a
relative width of the frequency band,
broadband electric fields, finally, the specified
environment is influenced by powerful
electromagnetic pulses, which as a result
induce extremely complex from a theoretical
point of view, physical processes in plasma.

In this paper we present the fundamentals
of a consistent approach to atomic systems
(atoms, multicharged ions in plasmas
conditions) in a strong external
electromagnetic field (EMF), which is based
on a relativistic energy formalism (REA)
(adiabatic Gell-Mann and Low formalism)
[23-34] and relativistic many-body
perturbation theory (RMBPT) formalism for
atomic systems in a plasmas (e.g. [35-37]).
Within an energy approach in relativistic
approximation the Gell-Mann and Low
formula expresses the imaginary part of an
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atomic level energy shift 0F through the QED
scattering  matrix, which includes an
interaction as with an EMF as with the photon
vacuum field (spontaneous radiative decay).
The fundamentals of a new formalism of the
relativistic gauge-invariant RMBPT with the
optimized Dirac-Kohn-Sham and Debye-
Hiickel zeroth approximations are presented.

2. Relativistic energy approach to atomic
systems in an electromagnetic field in
plasmas

The theoretical basis of the relativistic
energy approach in atomic spectroscopy was
widely discussed earlier (see, e.g. [21-32]) and
here we will focus on the key topics following
to Refs. [22,27-29,32]. Let us note that in the
theory of the non-relativistic atom a
convenient field procedure is known for
calculating the energy shifts OF of degenerate
states. This procedure is connected with the
secular matrix M diagonalization [27,28]. In
constructing M, the Gell-Mann and Low
adiabatic formula for &F is used. In relativistic
version of the Gell-Mann and Low formula dF
is connected with electrodynamical scattering
matrice, which includes interaction with a
laser field. Naturally, in relativistic theory the
secular matrix elements are already complex in
the second perturbation theory (PT) order.
Their imaginary parts are connected with
radiation decay possibility. The total energy
shift is usually presented in the form [27-29]:

OE =ReoE +ilmoE,
(1a)
ImoE =-1/2,

(1b)
where I is the level width (decay possibility).
As it was said, spectroscopy of an atom in a
laser field is fully determined by position and
shape of the radiation emission and absorption
lines. The lines moments M, are strongly
dependent upon the laser pulse quality:
intensity and mode  constitution [7-
13,23,24,27-32]. Let  us describe  the
interaction “atom -EMF” by the following
potential:

V(rt)= V(r)Jda)f(a)— @,) 2 cos(@,! + wnt)
2)

Here @y is the central EMF radiation
frequency, n is the whole number. The
potential V represents the infinite duration of
EMF pulses with known frequency t. Next we
will consider the interaction of an atom with a
single pulse. The function flw) is a Fourier
component of the EMF pulse. The condition:

j dof* (o) =1

3)
normalizes potential V(1) on the definite
energy in the pulse. It is worth to comment
that the EMF pulses with Lorentzian,
Gaussian or more complicated shape can be
considered. As it was indicated in Ref. [28-
32], the main program results in the
calculating an imaginary part of energy shift
ImoE,, (@) for any atomic level as the function
of the central laser frequency wo. An according
function has the shape of the resonance, which
is connected with the transition o-s (o, s-
discrete levels) with absorption (or emission)
of the “k” number of photons. We will
calculate the following quantities for the
multiphoton resonance:

Saxs —a | k) = j dwImSE, (o) (0-,, k) N,

(4)
M, = [dolmSE (o) (o=@, /k)"/ N,
)
N =[dolmdE (o),
(6)
o, =0,,+k-oo(s—alk)
(7)

where N is the normalizing multiplier; @y, is
position of the non-shifted line for transition
s-a, 0w s-alk) is the line shift under k-photon
absorption. To determine the quantities M, ,
one should need to obtain an expansion of E,
to the following PT series:

SE, =Y6E " ().

(8)

An external EMF shifts and broadens the

atomic levels. The standard quantum approach

relates complex eigenenergies °F =0 1T =
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and complex eigenfunctions to the
corresponding resonances [12,24,32]. The
field effects drastically increase upon going
from one excited level to another. The highest
levels could overlap forming a “new
continuum” with lowered boundary. In the
case of a strong field, its potential should
appear in the Dirac equations already in the
zeroth-order approximation (the solution is
Dirac-Volkov type function). On the other
hand, it is convenient to use methods such as
operator PT with included well known
“distorted-waves” zeroth approximation” in
the frame of the formally exact PT.

As usually [32], next one should use the
known Gell-Mann and Low adiabatic formula
for 0FE, with QED scattering matrix.
According to [27-32], the representation of the
S- matrix in the form of PT series induces the

expansion for 0E,:

SE (o, hm}/ Z ),k kysky),
5.k
)
I, (ks k) =18,
T (10)
0 1,1
$\=(=1)" [ di... [ di, 0, 0| ,),
(11)

Vi=exp(iHt, )V (rt,)exp(—iH ) exp(yt,) (12)

where S, is QED scattering matrix, y is an
adiabatic parameter, H, is the unperturbed
atomic Hamiltonian (below it will be defined
for atomic systems in the Debye plasmas), ¢
(ki, ka,...,k,) are the numerical coefficients. The
details of rather cumbersome transformations
are presented in Refs. [32], where the structure
of matrix elements S, is also described. As

(2)
an example, let us note that can be

determined as follows:
0 0

R Ia’l Jd! exply (1, +1,) KW, [exp (iH )V (rt,)-

—0

-exp(—iH(,fl ) exp(iHot2 ) V(rr2 ) exp (—z’]—]or2 ) ['Y,).

(13)
After some transformations one can get the
expressions for line moments. The final results
for quantities (5) for the Gaussian shape laser
pulse are as follows:

Sos —alk)=[nA/ (k+1)k][E(s,,, 1 ) - E(a,0,, 1 F)],

MzzAz/k,
= {4nA’ /[ k(k+1) J[E(s,0,, 1 k)= E(a,0,, 1 k)],
(14)
where
E(j,o k)y=— Z ! + ! ]
sa S ‘/ +a)\a/k a)/\‘+a)w/k

(15)

The summation in (15) is over all atomic
states. The equations (1)-(15) describe the
main characteristics of the radiative emission
and absorption line of atomic system near the
resonant EMF  frequency ./k. The
corresponding expressions for the Lorentzian
shape laser pulse are given in Refs. [23,32].
For the soliton-like pulse it is necessary to use
some approximations to simplify the
expressions and perform the numerical
calculation [32]. The next serious problem is
calculation of the sum (15), which includes
infinite summations over the complete set of
unperturbed (or distorted in the zeroth
approximation in a case of a strong EMF)
atomic states. One of the most widespread
methods for calculating the sums (20) is the

Green function method (look below).
However, as it was indicated in Refs.
[23,25,27-30], the more preferable and

effective method is based on the advanced
algorithm of differential equations, initially
developed by Ivanova-Ivanov [28]. It is worth
to note that this method has been frequently
used earlier in calculations of different atomic
system energy and spectroscopic
characteristics (see, e.g., [23-34]). The
necessary sums can be expressed through sums
of the following one-electron matrix elements:

S = Z<n;{m |V|n,;(lm, ><nl;(lm1 |V|n;{m> / (San - 8)

m

(16)
where (num) — quantum numbers of one-
electron states, &g, mtw,/k 1s the energy
parameter. One-electron energies €, include
the rest energy (aZ)°, where « is the fine
structure constant and Z is charge of a nucleus.
Here and below we use the Coulomb units (1
C.u.=7" a.u.e.; a.u.e.= 1 atomic unit of energy).
For definiteness, let wus concretize an
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interaction of atom with a EMF. In particular,

for the typical dipole interaction the
corresponding potential is:
nr)=(a,a), (17)

where a is a vector of polarization of radiation;
a is a vector of the Dirac matrices.

One should introduce a bi-spinor of the
following form [28-32]:

LPZ\E - z¢’7111’771 <n1Z1W11 |V|l’l,’t’]ﬁ> / (8171)(1”’1 - g)
n

(18)

The radial parts F, G of a bi-spinor ¥ satisfy
the system of the following differential
equations [28,32]:

—F'/ aZ+(1+ 1) F [azr+ AG=C(aljlim,, jim)f,, |aZ

(19a)

Glaz+(1- )G azr+ AF=C(a|jlm, jin)g,, oz
(19b)

A =U(NE(aZ) (0

Here Z is a nuclear charge, a is the fine

structure constant, " and G are the components
U, (r)

of the bi-spinor (18); 1S some atomic

mean-field potential (see possible expressions,

e.g., in Refs. [23-25]). The final expression

for the sum (16) can be written as follows:

S=[drr® [f;-zx. - G(r) - C[[alﬂmd'lflmﬂ]

FGny " F(r)- E{nljfmj_.jj_{]_m]_}] (21)

The alternative approach to calculating (16) is
based on the using method of the Green’s
function of Dirac equation and presented, for
example, in Ref. [32] in the Dirac-Kohn-Sham
model of multielectron atom. The Green’s
function is defined as the solution of the
inhomogeneous Dirac equation:

(?I—Z)GE(r1r2):5(r1_r2)a (22)

where H is the Dirac Hamiltonian, ¢ is an
The spectral
decomposition of the Green’s function is as
follows:

energy parameter. known

G(rir,VE)=2 ¥, (r)) ¥, u(r)/E,,~E)

nym

(23)
where one can wusually allocate partial
contributions with a fixed y (Dirac's angular
quantum number), each of which is a product
of the radial G(r LV E,x ) and angular parts.
In the relativistic theory, the Green's function
is a 4-component matrix:

G(rl r |E,Z): I:CV(Q)F(C) ﬁ(r>)G(r<)

G(r)F(r) GG )a(r. )}

(24)

where ru(r_,) is more (less) of TIy,r,.
According to Ref. [32], the system of the
corresponding Dirac equations for F and G
component in  the  Dirac-Kohn-Sham
approximation is as follows:

F':_(X+‘X‘)F/r+a ' [VN(F)+VDKS(r) _lé _a72:|G;

G=x-lxlGIr-a [v,lr]+v>°(r)-ig+& ’|F,
(25)
Fr=—(g+|)F I r+a-v, (r)+V"(n-ié- a1 G,
G'=(x+|2|)G/r—a v, (r)+V"S () -i&+ & ]F,
(26)
where d=aZ, VN(r) is the potential of a

nucleus. The functions (F, G) represent the
first fundamental solution, which is regular for

r—>0 and singular for 7—>%©. Any
o F.G)+ X (F.G .

combination ( )+ rIF.G) satisfies the

above written equations for (F.6) and

represents singular solution at zero [29,32].

The right chosen combination (F.6) for the
single value of the mixing coefficient X
(regular for 7 =) is second fundamental

solution /> gf) . The corresponding condition is
as follows:
(F,G)~exp(-Ar);, A=(a *+&%)". 27)

Other details can be found in Refs. [26-32].
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3. Relativistic Debye model for atomic
systems in plasmas

Below we shortly present the fundamentals
of a relativistic many-body perturbation theory
(RMBPT) with the Debye shielding model
Hamiltonian for electron-nuclear and electron-
electron systems [35-37]. The optimized one-
electron representation in the PT zeroth
approximation is constructed by means of the
correct treating the gauge dependent
multielectron contribution of the lowest PT
corrections to the radiation widths of atomic
levels. Within the known model by Debye and
Hiickel (e.g. [2-4,35], a plasmas environment
effect is modelled by the shielding parameter
4, which describes a shape of the long-rang
potential. An interaction potential between two
charged particles in a plasmas can me
described by the known Yukawa-type
potential. A difference between the Yukawa
type potential and standard Coulomb potential
is in account for the effect of plasma, which is
modeled by the shielding parameter. This
parameter u is connected with the plasma
parameters such as the temperature 7 and the
charge density n 1is as follows:

p~ye*nlk,T (28)
Here e is the electron charge and kz 1is the
Boltzman constant. The density #z is given as a
sum of the electron density N. and the ion
density N, of the k-th ion species with the

_ 2
nuclear charge ¢, : 1=N e"'zk: G N1t is very

useful to remind the simple estimates for the
shielding parameter. For example, under
typical laser plasma conditions of 7~ lkeV
and n~ 10* cm” the parameter y is of the order
of 0,1 in atomic units. By introducing the
Yukawa-type electron-nuclear attraction and
electron-electron repulsion potentials, the
Debye shielding model Dirac Hamiltonian for
electron-nuclear and electron-electron
subsystems is given in atomic units as follows
(e.g. [35,36]):

H =3 [acp—fmc* —Zexp(—pur,)/
(1-a;a; )
n]+ zi}j TL_ELEXP[: —Hry)
J

(29)

where ¢ is the velocity of light and Z is a
charge of the atomic ion nucleus. The
formalism of the relativistic many-body PT for
atoms in a plasmas is further constructed in the
same way as the analogous RMBPT formalism
for the free relativistic atomic systems (e.g.
[25-32]). However, in the PT zeroth
approximation of our RMBPT version we use
a mean-field potential, which includes the
Yukawa-type potential (insist of the pure
Coulomb one) plus exchange Kohn-Sham
potential and additionally the Lundqvist-
Gunnarson correlation potential (with the
optimization parameter b) as in Refs. [16-
23,25,32]. As alternative one could use an
optimized model potential by Ivanova-Ivanov
(for Ne-like ions) [6], which is calibrated
within the special ab initio procedure within
the relativistic energy approach [28,31]. As
usually, a standard field procedure is used for
calculating the energy shifts 0F of degenerate
states of atomic system. This procedure is
connected with the secular matrix M
diagonalization [27,29]. In constructing M, the
Gell-Mann and Low adiabatic formula for 8F,
is used. The secular matrix elements are
already complex in the PT second order (the
first order on the inter-electron interaction).
Their imaginary parts are connected with the
radiation  decay  (transition,  scattering,
ionization etc) possibility. It is important to
note that the computing the energies and
radiative transition matrix elements is reduced
to calculation and the further diagonalization
of the complex matrix M .and determination of
matrix of the coefficients with eigen state
vectors Bff v [27-29]. To calculate all
necessary matrix elements one must use a
basis of the one-quasiparticle relativistic
functions. Namely this basis is proposed to use
in computing radiation spectral lines
characteristics of atomic systems in a plasmas.
This is a novelty element of a whole theory.

4. Conclusions

To conclude let us note that in this paper we
shortly present the fundamentals of a new,
consistent relativistic approach to
determination of radiation and spectral
characteristics of the atomic systems (atoms,
multicharged ions in plasmas conditions) in a
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strong external EMF, which is based on a
adiabatic Gell-Mann and Low formalism and
RMBPT formalism for atomic systems in a
plasmas. Within an REA the known Gell-
Mann and Low formula expresses the
imaginary part of an atomic level energy shift
oF through the QED scattering matrix, which
includes an interaction as with an EMF as with
the photon vacuum field (spontaneous
radiative decay). The fundamentals of a new
formalism of the relativistic gauge-invariant
RMBPT with optimized Dirac-Kohn-Sham
and Debye-Hiickel zeroth approximations and
consistent technique for generating an
optimized single-quasiparticle representation
for atomic systems in the Debye plasmas are
presented. It is well known that an adequate
description of the radiation and spectral
parameters requires using optimized basis’s of
relativistic wave functions. The approach
presented includes an effective ab initio
optimization basis construction p[procedure in
a natural way. There is used the minimization
of the gauge dependent multielectron
contribution of the lowest RMBPT corrections
to radiation widths of atomic levels, which is
determined by imaginary part of an energy
shift 6E. In the RMBPT higher orders there
appear diagrams, whose contribution into
ImOFE accounts for the polarization effects.
This contribution describes collective effects
and it is dependent upon -electromagnetic
potentials  gauge (gauge non-invariant
contribution 6FE,;,). This value is considered to
be the typical representative of -electron
correlation effects, whose minimization is a
reasonable criteria in the searching for the
RMBPT optimal one-electron basis [23-27]. In
conclusion, it should be noted the approach
presented can be applied to many actual
problems modern nuclear physics too as well
as astrophysics, laser physics and quantum,
photoelectronics (e.g. [5,6,23,38-40]).
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RELATIVISTIC ENERGY APPROACH TO ATOMIC SYSTEMS IN A STRONG
ELECTROMAGNETIC FIELD IN PLASMAS

Summary. The fundamentals of a consistent relativistic approach to determination of
radiation and spectral characteristics of the atomic systems (atoms, multicharged ions in
plasmas conditions) in a strong external electromagnetic field (EMF), which is based on a
relativistic energy formalism adiabatic Gell-Mann and Low formalism) and relativistic
many-body perturbation theory (RMBPT) formalism for atomic systems in a plasmas are
presented. Within an energy approach in relativistic approximation the Gell-Mann and
Low formula expresses the imaginary part of an atomic level energy shift 6F through the
QED scattering matrix, which includes an interaction as with an EMF as with the photon
vacuum field (spontaneous radiative decay). It results in possibility of an uniform
simultaneous consideration of spontaneous and (or) induced, radiative processes and their
interference. The radiation atomic lines position and shape fully determine a spectroscopy
of the plasmas atomic systems in an EMF. The effective modified technique, based on the
Ivanova-Ivanov method of differential equations, for computing the infinite sums in
expressions for a spectral line shifts and broadening is shortly described. The fundamentals
of a new formalism of the relativistic gauge-invariant RMBPT with the optimized Dirac-
Kohn-Sham and Debye-Hiickel zeroth approximations and consistent technique for
generating an optimized single-quasiparticle representation for atomic systems in the
Debye plasmas are presented.

Keywords: Relativistic energy approach, many-body perturbation theory, atomic systems,

plasmas environment, electromagnetic field,
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PEJATUBICTCHKHUM EHEPTETUYHWI OIJIXIT 10 ATOMHUX CUCTEM
Y CWIBHOMY EJIEKTPOMAT'HITHOMY I10JII B IIJIA3MI
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Pe3tome. Po3po0sieHi OCHOBHM TMOCTIZOBHOTO MiJXOAY JIO BHU3HAYEHHS EHEPreTHYHUX,
pajialifHUX Ta CHEKTPOCKOMIYHUX XapaKTePUCTHK aTOMHHMX CHUCTEM (aToMiB, Oarato3apsiiHUX
10HIB y TJIA3MOBHMX YMOBaX) Y CWJIBHOMY 30BHIIIHbOMY elleKTpoMmarHiTHomy nouti (EMII), sxuii
0a3yeThCsl HAa PENSATUBICTCHKOMY e€HepreTHuHoMy ¢opmaiizMi (aaiabatuunuit popmanizm [emn-
Mana ta Jloy) 1 penstTuBicTchKili OararouacTuHKOBiM Teopii 30ypers (RMBPT) nns aromuanx
CUCTEM Yy IJIa3Mi. Y paMKax pesiTHBICTCHKOIO €HEPreTHYHOro miaxony popmyna ['enn-ManHa 1
Jloy BUpaskae ysiBHY 4acTUHY 3CyBY eHeprii aroMHoro piBHs uepe3 KEJI MaTpuiiio po3citoBaHHS,
ska BKiItouyae B3aemofito sik 3 EMII, Tak 1 3 ¢GoTOHHUM BakyyMoM (OCTaHHE BIJIOBIAA€ 3a
CHOHTAaHHUHM panialiifiHuil posmag B cuctemi). B mexax po3poOieHoi Teopii € MOXKIUBUM
MOCITIZIOBHE OJJHOYACHE ypaxyBaHHS CIIOHTaHHUX 1 (a00) 1HAYKOBAaHUX paJllallifHUX MPOIIECIB Ta
ix iHTepdepenuii. [Tomoxenns i popma aTOMHUX JIiHIH BUIPOMIHIOBAHHS TOBHICTIO BU3HAYAIOTh
CHEKTPOCKOIII0 aTOMHUX cCHCTeM B IutasMu y 30BHiIIHbOMY EMIIL. Omnmcano edextuBHy
Mo U(iKOBaHY TEXHIKY, 3aCHOBaHY Ha MeTOJIi Au(epeHIiabHuX piBHIHb [BaHOBOI-IBaHOBA, /17151
00YMCIIEHHSI HECKIHYEHHUX CyM Y BHpas3ax JUIsl 3CyBY Ta YIIUPEHHS CIEKTPAJIbHUX JIHIH, Ta
(abo0) BupasiB, 10 BiAMOBIAAIOTH Apyromy mnopsaky RMBPT. IlpenctaBieHi OCHOBH HOBOTO
dbopmalisMy penATHUBICTCHKOT KanmiOpyBasibHO-1HBapianTHOi RMBPT 3  onrtumizoBanumm
HyJ1b0BUM HaOmwkeHHsM [lipaka-Kona-Illema ta JleGas-Xrokkens 1 BU3HAYEHO IOCIHIJOBHY
CXeMy  TeHepallil ONTHMI30BaHOTO OJHOKBA314YaCTWHKOBOTO TIPEJICTABICHHS IS aTOMHHX
CHCTEM Y IUIa3MOBOMY CEpEIOBHIITY.

Kurouosi CJI0Ba: PENATHUBICTCHKHM €HEepPreTUYHUN X1, peNATUBICTChKA
OararouyacTMHKOBA Teopis 30ypeHb, aTOMHI CUCTEMH, IUIa3MOBE CEPEIOBHIIE, EIEKTPOMArHiTHE
noJje
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