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GAUGE-INVARIANT RELATIVISTIC PERTURBATION THEORY APPROACH TO
DETERMINATION OF ENERGY and SPECTRAL CHARACTERISTICS FOR HEAVY
AND SUPERHEAVY ATOMS AND IONS: REVIEW

We reviewed an effective consistent ab initio approach to relativistic calculation of the spectra for multi-electron heavy
and superheavy ions with an account of relativistic, correlation, nuclear, radiative effects is presented. The method is based
on the relativistic gauge-invariant (approximation to QED) perturbation theory (PT) and generalized effective field nuclear
model with using the optimized one-quasiparticle representation firstly in theory of the hyperfine structure for relativistic
atom. The wave function zeroth basis is found from the Dirac equation with potential, which includes the core ab initio
potential, the electric and polarization potentials of a nucleus. The correlation corrections of the high orders are taken into
account within the Green functions method (with the use of the Feynman diagram’s technique). There have taken into ac-
count all correlation corrections of the second order and dominated classes of the higher orders diagrams (electrons screen-
ing, particle-hole interaction, mass operator iterations). The magnetic inter-electron interaction is accounted in the lowest
on a parameter (a is the fine structure constant), approximation, the self-energy part of the Lamb shift is taken effectively
into consideration within the Ivanov-Ivanova non-perturbative procedure, the Lamb shift polarization part - in the general-
ized Uehling-Serber approximation with accounting for the Killen-Sabry o? (aZ) and Wichmann-Kroll a(aZ)" corrections.

1. Introduction

In last years a studying the spectra of heavy
and superheavy elements atoms and ions is of a
great interest for further development as atomic
and nuclear theories (c.f.[1-8]). Theoretical meth-
ods used to calculate the spectroscopic character-
istics of heavy and superheavy ions may be di-
vided into three main groups: a) the multi-config-
uration Hartree-Fock method, in which relativis-
tic effects are taken into account in the Pauli ap-
proximation, gives a rather rough approximation,
which makes it possible to get only a qualitative
idea on the spectra of heavy ions. b) The multi-
configuration Dirac-Fock (MCDF) approxima-
tion (the Desclaux program, Dirac package) [1,2]
is, within the last few years, the most reliable ver-
sion of calculation for multielectron systems with
a large nuclear charge; in these calculations one-
and two-particle relativistic effects are taken into
account practically precisely. The calculation pro-
gram of Desclaux is compiled with proper ac-
count of the finiteness of the nucleus size; how-
ever, a detailed description of the method of their

investigation of the role of the nucleus size is
lacking. In the region of small Z (Z is a charge of
the nucleus) the calculation error in the MCDF ap-
proximation is connected mainly with incomplete
inclusion of the correlation and exchange effects
which are only weakly dependent on Z; c¢) In the
study of lower states for ions with Z<40 an expan-
sion into double series of the PT on the parameters
1/Z, aZ (o 1s the fine structure constant) turned out
to be quite useful. It permits evaluation of relative
contributions of the different expansion terms:
non-relativistic, relativistic, QED contributions as
the functions of Z. Nevertheless, the serious prob-
lems in calculation of the heavy elements spectra
are connected with developing new, high exact
methods of account for the QED effects, in particu-
lar, the Lamb shift (LS), self-energy (SE) part of
the Lamb shift, vacuum polarization (VP) contri-
bution, correction on the nuclear finite size for
heavy elements and its account for different spec-
tral properties, including calculating the energies
and constants of the hyperfine structure, derivia-
tives of the 1-electron characteristics on nuclear
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radius, nuclear electric quadrupole, magnetic di-
pole moments etc (c.f.[1-98]).

In present paper we review an effective initio
approach to relativistic calculation of the spectra
for multi-electron superheavy ions with an ac-
count of relativistic, correlation, nuclear, radia-
tive effects is presented. The method is based on
the relativistic gauge-invariant (approximation
to QED) perturbation theory (PT) and general-
ized relativistic dynamical effective field nuclear
model with using the optimized one-quasiparticle
representation in theory of the hyperfine structure
for relativistic systems [15-60].

The correlation corrections of the high orders
are taken into account within the Green functions
method (with the use of the Feynman diagram’s
technique). There have taken into account all cor-
relation corrections of the second order and dom-
inated classes of the higher orders diagrams (elec-
trons screening, particle-hole interaction, mass
operator iterations) [2,60-99]. The magnetic inter-
electron interaction is accounted in the lowest on
o’ parameter, the LS polarization part - in the
Uehling-Serber approximation, self-energy part
of the LS is accounted effectively within the
Ivanov-Ivanova non-perturbative procedure [5-
8]. The expressions for the energies and constants
of the hyperfine structure, deriviatives of 1-elec-
tron characteristics on nuclear radius, nuclear
electric quadrupole, magnetic dipole moments QO
etc are presented. As illustration some data for
atom of hydrogen 'H (test calculation) and super-
heavy H-like ion with nuclear charge Z=170, Li-
like multicharged ions are listed.

2. Gauge-invariant relativistic many-body
perturbation theory method for heavy ions

2.1. General Formalism

In atomic theory, a convenient field procedure
is known for calculating the energy shifts AE of
the degenerate states. Secular matrix M diagonali-
zation is used. In constructing M, the Gell-Mann
and Low adiabatic formula for AE is used. A sim-
ilar approach, using this formula with the QED
scattering matrix, is applicable in the relativistic
theory. In contrast to the non-relativistic case, the
secular matrix elements are already complex in
the PT second order (first order of the inter-elec-
tron interaction). Their imaginary parts relate to
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radiation decay (transition) probability. The total
energy shift of the state is usually presented as
follows:

AE = ReAE + i ImAE, (1)

Im AE =-T/2, (2)
where I' is interpreted as the level width, and the
decay possibility P=I". The whole calculation of
energies and decay probabilities of a non-degen-
erate excited state is reduced to calculation and
diagonalization of the complex matrix M. To start
with the Gell-Mann and Low formula it is neces-
sary to choose the PT zero-order approximation.
Usually, the one-electron Hamiltonian is used,
with a central potential that can be treated as a bare
potential in the formally exact QED PT. There are
many well-known attempts to find the fundamen-
tal optimization principle for construction of the
bare one-electron Hamiltonian (for free atom or
atom in a field) or (what is the same) for the set of
one-quasiparticle (QP) functions, which represent
such a Hamiltonian [1-8]. As the bare potential,
one usually includes the electric nuclear potential
V, and some parameterized screening potential
V.. The parameters of the bare potential may be
chosen to generate the accurate eigen-energies of
all many-QP states. In the PT second order the
energy shift is expressed in terms of the two-QP
matrix elements [6-8]:

V(12:43) = (25, +1)(2i, +1)(20, +1)(2], +1) -
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Here Q2" is corresponding to the Coulomb
part of interaction (Q! -Breit part) :

91— (R, (1243)S,(1243) + R, (1243)S, (124
+R,(1243)S,(1243) + R, (1243)S,(1243)},

where R(1,2;4,3) is the radial integral of the Cou-
lomb inter-QP interaction with large radial Dirac
components; the tilde denotes a small Dirac com-



ponent; S is the angular multiplier (see details in
Refs.[2-12]). To calculate all necessary matrix ele-
ments one must have the 1QP relativistic functions.

2.2 The Dirac-Kohn-Sham Relativistic Wave
Functions

Usually, a multielectron atom is defined by a
relativistic Dirac Hamiltonian( the a.u. used):

H=Zh(n)+;V(nrj). )

Here, h(r) is one-particle Dirac Hamiltonian
for electron in a field of the finite size nucleus and
V'is potential of the inter-electron interaction. The
relativistic inter electron potential is as follows

[7.8]: ( )
I-oo,
. i
V(i) =ew(iogn ) ——= ()
ij
where o, is the transition frequency;a. , o, are the
Dirac matrices. The Dirac equation potential in-
cludes the electric potential of a nucleus and ex-
change-correlation potential. One of the variants
is the Kohn-Sham-like (KS) exchange relativistic
potential, which is obtained from a Hamiltonian
having a transverse vector potential describing
the photons, is as follows [33]:
[B+(B+D"] 1

b

Vo=V o) e

(7

B=0B7p(N]" /c (8)
The corresponding correlation functional is
[2,33]:
Vel p(r),r]==0.0333-b-In[1+18.3768- p(r)'°1,  (9)
where b is the optimization parameter (see details
in Refs. [2-4,9,10]).
One-particle wave functions are found from

solution of the Dirac equation, which is written in
the known two-component form:

a—F+(l+x)£—(g+m— V)G=O

or r
a—G+(l—x)g+(g—m— V)F:()

or r (10)

Here we put the fine structure constant o =1,
- the Dirac number. At large y the radial func-

tions F and G vary rapidly as:

F(r), Glr) = 11
Y=y’ -0’7

This involves difficulties in numerical integra-
tion of the equations for »— 0. To prevent it, it is
convenient to turn to new functions isolating main
power dependence: f=F HX‘, g=6 =], The
Dirac equation for " and G components are trans-
formed as:

"=~z +12l) - azvg —(azE,, +2/az)g

g'== (;(—M)g/r—aZVf+ aZE,,

Here the Coulomb units (C.u.) are used. In
Coulomb units the atomic characteristics vary
weakly with Z; E is one-electron energy without

the rest energy. The boundary values of the cor-
rect solution are as:

gZ(V(O)—EHX)mZ/@XH); =1, %<0

f= (V(O)—EHX—Z/azZz)ocZ; g=1,1>0 (13)

(1)

(12)

The condition f,g — 0 at r— oo determines
the quantified energies £ . The asymptotics of f,g

at r—>oo are: f g~exp(_ ]‘/ n*) with effective

quantum number x _ m .

2.3. Nuclear potential and charge density

Earlier there are calculated some character-
istics of hydrogen-like ions with the nucleus in
the form of a uniformly charged sphere; analo-
gous calculations by means of an improved mod-
el were also made [2-8]. As in refs. [33-35] we
use the relativistic mean-field (RMF) approach,
which is an effective field theory for nuclei below
an energy scale of 1GeV, separating the long- and
intermediate-range nuclear physics from short-
distance physics, involving, i.e., short-range cor-
relations, nucleon form factors, vacuum polariza-
tion etc, which is absorbed into various terms and
coupling constants. Usually one starts with a La-
grangian density describing Dirac spinor nucle-
ons interacting via meson and photon fields. This
leads then to the Dirac equation with the potential
terms describing the nucleon dynamics and the
Klein-Gordon-type equations involving nucleon-
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ic currents and densities as source terms for me-
sons and the photon. In our approach we usually
use the NL3-NLC (see details in refs. [33,38]),
which is among the most successful parameteri-
zations available. The resulted charge density is
defined as:

P.(R) = A dxexp[-u(R—x)]p,(x), (14a)

with the proton density p constructed from
the RMF (4, are the numerical coefficients) and
normalized to the charge number Z:

[drp,(r)=2. (14b)
All corresponding model parameters are ex-
plained and given in refs. [33]. Another effective
model approach to determine nuclear potential
(the nuclear density distribution) is given by the
known Fermi model. This model gives the fol-
lowing definition of the charge distribution p(r):
i(r) =y A 1+expl(r—c)/a)]},  (15)
where the parameter ¢=0.523 fm; the param-
eter ¢ is chosen by such a way that it is true the
following condition for average-squared radius:

<12>12=(0.836-4"+0.5700)fm. (16)

We assume it as some zeroth approximation.
Further the derivatives of various characteristics
on R are calculated. They describe the interaction
of the nucleus with outer electron; this permits re-
calculation of results, when R varies within rea-
sonable limits. The Coulomb potential for the
spherically symmetric density p(dR) is:

(1 r)]' drr p( ) + of drvrlp(rl

Itis determlned by the following system of dif-
ferential equations [7,8]:

Vnuc](r, R) = (1/r2 )(})d ’I"Zp(f', R)E (/ )y(r R

y(r,R)=r?p(r, R):

nuc]( R) R)(17)

p'(r,R) =877 r/\zw expl- )=
8y (18)
= 2pp(r,R)= —;p(r,R)

with the corresponding boundary conditions.
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2.4. QED corrections: Self-energy part of the
Lamb shift and vacuum polarization correction

Procedure for an account of the radiative QED
corrections is in details given in the refs. [2-
4,8,33-35]. Regarding the vacuum polarization
effect let us note that this effect is usually taken
into account in the first PT theory order by means
of the Uehling-Serber potential. This potential is
usually written as follows (c.f.[2]):

U(r)= 22 [ drexp(-2r1/eiz)s
3mr
2
(1+1/2e) YL o 2% (), (19)
t 3

where g =r/aZ . In calculation [7-9] it has been
used more exact approach. The Uehling-Serber
potential, determined as a quadrature (19) may
be approximated with high precision by a simple
analytical function. The use of new approxima-
tion of the Uehling-Serber potential permits one
to decrease the calculation errors for this term
down to 0.5 — 1%. It allows accounting for the
Kallen-Sabry a*(a.Z) and Wichmann-Kroll a(aZ)
" corrections [33-35]. Besides, using a simple
analytical function form for approximating the
Uehling-Serber potential allows its easy inclu-
sion into the general system of differential equa-
tions. This system includes also the Dirac equa-
tions and the equations for matrix elements. A
method for calculation of the self-energy part of
the Lamb shift is based on an idea by Ivanov-
Ivanova (c.f.[7,8]). In an atomic system the radia-
tive shift and the relativistic part of the energy
are, in. principle, determined by one and the same
physical field. It may be supposed that there ex-
ists some universal function that connects the
self-energy (SE) correction and the relativistic
energy. The SE correction for the states of a hy-
drogen-like ion was presented by Mohr as:

Esp(H|Z, nlj)= 0.0271485; F(H|Z nfj) (20)
n

The values of F are givenat Z=10-110,
nlj =1s,25,2p,,,2 py;,. These results are modified
here for the states /s’ nlj of Li-like ions. It is sup-
posed that for any ion with nlj electron over the
core of closed shells the sought value may be pre-
sented in the form:

Ege(Z,nlj)= 0027148 f(g aplent) @D



The parameter & = (Eg)/4, Eg is the relativis-
tic part of the bounding energy of the outer elec-
tron; the universal function A&, n/j) does not de-
pend on the composition of the closed shells and
the actual potential of the nucleus. The procedure
of generalization for a case of Li-like ions with
finite nucleus consists of the following steps
[2,8,35]:

1). Calculation of the values £, and & for the
states n/j of H-like ions with the point nucleus (in
accordance with the Zommerfeld formula);

2). Construction of approximating function
f by the found reference Z and the appropriate
F(HIZ, nlj;

3). Calculation of £, and & for the states n/j of
Li-like ions with the finite nucleus;

4). Calculation of E . for the sought states.
The energies of the states of Li-like ions are cal-
culated twice: with a conventional constant of the
fine structure o=1/137and a’=a/10°. The results
of latter calculation are considered as non-relativ-
istic. This permitted isolation of £,,&. The above
extrapolation method is more justified than using
the known expansion on aZ parameter.

2.5. The hyperfine structure parameters

Energies of quadruple ( Wq) and magnetic di-
pole (Wp) interactions to define a hyperfine struc-
ture (HFS) are calculated as [32,35]:

W =[A+C(C+1)]B, Wu=0.5 AC,
A=-(4/3)(43-1)(I+)/[i(I-1)(2I-1)],

C=F(F+1)-J(J+1)-I(I+1). (22)

Here / is a spin of nucleus, F is a full momen-
tum of system, J is a full electron momentum.
HFS constants are expressed through the standard
radial integrals [2,8,35]:

A={[(4,32587)10°Zxg ] /(4’-1)}(RA) ,,

B={7.2878 107 ZQ/[(4x*-I(I-1)} (RA)
(23)
Here g, is the Lande factor, Q is a quadruple
momentum of nucleus (in Barn); radial integrals
are defined as follows:

(RA), = TdrrzF(r)G(r)U(l /7, R),
. (24)
(RA), = [dr[F*(r)+ G* (U (17, R) -

For calculation of potentials of the hyperfine
interaction U(1/r",R), we solve the following dif-
ferential equations [7,8]: U(1/r,R)=-ny(r,R)/r""".
The functions dU(1/r",R)/dR are can be found by
similar way. To obtain the corresponding value
of O one must combine the HFS constants data
with the electric field gradient calculated in our
approach too. The details of calculation are pre-
sented in [11,14, 17,18].

2.6. Correlation effects and construction of
optimal 1-quasiparticle representation

The problem of the searching for the optimal
one-electron representation is one of the oldest in
the theory of multielectron atoms. One of the
simplified recipes represents, for example, the
DFT method (see [2,3]). Unfortunately, this
method doesn’t provide a regular refinement
procedure in the case of the complicated atom
with few quasiparticles (electrons or vacancies
above a core of the closed electronic shells). We
use the method [9,10]. For simplicity, let us con-
sider now the one-quasiparticle atomic system.
The multi-quasiparticle case doesn’t contain prin-
cipally new moments. In the lowest, second order,
of the QED PT for the AE there is the only one-
quasiparticle Feynman diagram a (fig.1), contrib-
uting the ImAE (the radiation decay width).

a b c

Figure 1. a: second other PT diagram contribut-
ing the imaginary energy part related to the radia-
tion transitions; b and c: fourth order QED polar-

ization diagrams.

In the next, the fourth order there appear dia-
grams, whose contribution into the ImAE ac-
count for the core polarization effects. This
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contribution describes collective effects and it is
dependent upon the electromagnetic potentials
gauge (the gauge non-invariant contribution). We
examine the multielectron atom with one qua-
siparticle in the first excited state, connected
with the ground state by the radiation transi-
tion. In the PT zeroth approximation one can use
the one-electron bare potential:
V() +V (1), (25)
with V(r) describing the electric potential of
the nucleus, V' (r), imitating the interaction of the
with the core of closed shells. The perturbation
in terms of the second quantization representa-
tion reads as
Ve(r) y' () yir) - julx) 44x). (26)
The core potential V(r) is related to the core
electron density p.(r) in a standard way. The lat-
ter fully defines the one electron representation.
Moreover, all the results of the approximate cal-
culations are the functionals of the density p.(r).
Here, the lowest order multielectron effects, in
particular, the gauge dependent radiative contri-
bution for the certain class of the photon propaga-
tor gauge is treating. This value is considered
to be the typical representative of the electron
correlation effects, whose minimization is a rea-
sonable criteria in the searching for the optimal
one-electron basis of the PT. Remember that
the closeness of the radiation probabilities cal-
culated with the alternative forms of the transi-
tion operator is commonly used as a criterion of
the multielectron calculations quality. The imagi-
nary part of the diagram a (fig.1) contribution has
been presented previously as a sum of the partial
contributions of a-s transitions from the initial
state a to the final state s [10]:

IMAE, (a) = X, ImAE (as;2). (97

Two fourth order polarization diagrams b,c
(fig.1) should be considered further. The contri-
butions being under consideration, are gauge-
dependent, though the results of the exact cal-
culation of any physical quantity must be
gauge independent . All the non-invariant terms
are multielectron by their nature. Let us take the
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photon propagator calibration as usually:
D= DT + CDL ,

Dr=Gu / (k2 -k?), (28)

Di=- k) (k- ).

Here C'is the gauge constant; D_ represents the
exchange of electrons by transverse photons,
D, that by longitudinal ones. One could calculate
the contribution of the a,b,c diagrams (fig.1) into
the Im AE taking into account both the D_ and
D, parts. The a diagram (fig.1) contribution into
the Im AE related to the a-s transition reads as

1-a,a, sin (@us112) Wa (r2) W (1),

B!

(29)
for D= Dr, and

- ;2” dridr v, (r) w' () {[(1- oy nya-
T

‘ayni2) 112 ] SN (@as 12 ) O -
(1+ a1 miaconin)xcos(@ar12) } Welr2) wi(r), (30)

for D=D, where wa, is the o -s transition energy.
According to the Grant theorem, the Duv | contri-
bution vanishes, if the one-quasiparticle func-
tions wa, y_ satisfy the same Dirac equation.
Nevertheless this term is to be retained when us-
ing the distorted waves approximation, for exam-
ple. Another very important example represents
the formally exact approach based on the bare
Hamiltonian defined by its spectrum without
specifying its analytic form [2,3]. Here the non-
invariant contribution appears already in the low-
est order. When calculating the forth order con-
tributions some approximations are inevitable.
These approximations have been formulated in
Refs.[10], where the polarization corrections to
the state energies have been considered.

Let us consider the direct polarization diagram
b (fig.1) as an example. The final expression for
the sought value looks as

ImE,,, (as| 4,)= —i—i” ([ drldrzdr3dr42(ﬁ +

X (31)
+———), ()Y, ()Y ()Y, ) -aa,) /1y -
®,, — @,

mn



{3, —(asn ) (auny,))/ ry -sin[o, (n, +ry,)+ o,

cos[a)a” (1, + 1)1+ (any )ayny, )]} -
P, ()Y, ()Y, ()Y (1)

Expression (31) can be represented in the form
of sum of the following terms:
> ( am| W | ns) (sn| W | ma) (@ £ @ 4) (32)

With four different combinations of operators
W, and W, (see [7-10]). In (31) it should be per-
formed summation over the bound and upper con-
tinuum atomic states. To evaluate this sum, one
can use the analytic relation between the atom-
ic electron Fermi level and the core electron
density p_ (r), appropriate to the homogeneous
nonrelativistic electron gas. Now the sum2
can be calculated analytically, its value becomes
a functional of the core electron density. The re-
sulting expression looks as the correction due to
the additional nonlocal interaction of the active
quasiparticle with the closed shells. Neverthe-
less, its calculation is reducible to the solving of
the system of the ordinary differential equations
(1-D procedure) [10]. The most important refine-
ments can be introduced by accounting for the
relativistic and the density gradient corrections to
the Tomas- Fermi formula (see Refs. [2,3]). The
same program is realized for other polarization
diagrams. The minimization of the functional
Im 6F  ~(bt+c) leads to the integro-differential
equation for the p_(the Dirac-like equations for
electron density). In result we obtain the optimal
one-quasiparticle representation. In concrete cal-
culation it is sufficient to use the simplified proce-
dure, which is reduced to functional minimization
using the variation of the parameter b in Eq.(9)
[2,10]. Let us further to come back to the complex
secular matrix M in the form:

M=M"+M"+® 1+ M. (33)

Here M is the contribution of the Vacuum di-
agrams of all order of PT, and M", M@, m®
those of the one-, two- and three- quasiparticle
diagrams respectively. M is a real matrix, pro-
portional to the unit matrix. It determines only the

general level shift. It is usually assumed ' =o.
The diagonal matrix m" can be presented as a
sum of the independent one-quasiparticle contri-
butions. For simple systems (such as alkali atoms
and ions) the one-quasiparticle energies can be
taken from the experiment. Substituting these
quantities into (33) one could have summarized
all the contributions of the one -quasiparticle dia-
grams of all orders of the formally exact relativis-
tic PT. The first two order corrections to ReM
have been analyzed previously [2,5-9] using the
Feynman diagrams technique. The contributions
of the first-order diagrams have been completely
calculated. In the second order, there are two
kinds of diagrams: polarization and ladder ones.
The polarization diagrams take into account the
quasiparticle interaction through the polarizable
core, and the ladder diagrams account for the im-
mediate quasiparticle interaction. An effective
form for the two-particle polarizable operator has
been presented in Ref. [2]; it looks as:

ey [ ).

I =r [ =)

) o) ok

\r _FZ‘

Vd

pol

e (0 () et

—r‘

“forr)

(o)) = farlo ()60, |
0 r)={1+ [3”2 p© (r)]2/3 /02}1/2, »

where p! is the core electron density (without ac-
count for the quasiparticle), X is numerical coef-
ficient, c 1s the light velocity. The similar approx-
imate potential representation has been received
for the exchange polarization interaction of quasi-
particles. Some of the ladder diagram contribu-
tions as well as some of the three-quasiparticle
diagram contributions in all PT orders have the
same angular symmetry as the two-quasiparticle
diagram contributions of the first order. These
contributions have been summarized by a modifi-
cation of the central potential, which must now
include the screening (anti-screening) of the core
potential of each particle by the others (look
Refs. [2,3,7-10,33-35]). The calculation of all the
radial integrals reduces to solving a system of dif-
ferential equations with known boundary condi-
tions at » = 0. Consider the master integral:
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R; :J.IId”ld’"zd’%rlzrzz’ﬁzﬂ(’G)Ul(’ﬁ’”s) (35)

P U (151 pa (1)

which enter the polarization contribution. This is
the most complicated integral of a task. Let us
note: RY =1limY(r). According to [9], function

Y(r) can be found from solution of system of six
differential equations with the boundary condi-
tions:

Y =(pr?Z% = (A+ DY)/ 7,
Y, =(p,r* 20 = (A+ DY) 7,
Y, =(p P2z — @A+ DY)/ r,
Y, =((p.r*Y, + p 2002 — (A DY) 7
Y = (oY, + pPYZ 2P (A DY) 7,

Y ()= (oY, + pyr’Ys + pRr NL,Z) 2
(36)
A complete system of equations also includes

equations for the modified Bessel functions Z@
and for 1QP radial functions (see [2-8]).

In table 2 there are listed the results of calcu-
lation for the hyperfine structure parameters (plus
derivatives of the energy contribution on nuclear
radius) for the superheavy H-like ion with nuclear
charge Z=170. We have used the denotations [7,8]:

A=10°4/7" gy, (eV);
DA=(107/Z'g)(4/2R), (eV/em);
B=(10’BI(2I-1))/Z°Q, (eV/Barn);

DB=[(1071(2I-1))/Z Q] (GB/R), (eV/Barn cm);
U=-(10°/Z)<U(r,R)>, (eV);

DU=(10"/2°)(6<U(r,R)>/cR), (eV/cm);.

DV=[10%/Z](5<V>/cR), (eV/cm);

Table 2
Parameters of one-electron states for H-like
ion with Z=170 (data from [8,35])

1 s1/2 2S1/2 2p1/2 2p3/2
3 Some illustration results and conclusion A 4337 831 3867 1,59
DA 1039 228 941 0,0001
In table 1 we present the exper'imental [8,32- B 9091 1897 8067 0,07
25] an theoretical (our test calculation) results for DB 7745 1557 6405 | 0.0008
hyperfine splitting energies for 1s, 2s levels of ’
hydrogen atom. There is physically reasonable by 1255 273 1108 | 0,0011
agreement between theory and experiment. U 1453 282 1301 1,31
DU 2343 503 2071 | 0,0015
Table 1 Is 3s 3 3
Experimental and theoretical data for y, 13 ;27 5 017/2 3212/2 0 231/25
HFS energies for 1s, 2s H-atom levels ’
DA 1039 56,8 84,0 | 0,0001
Electron Experiment Theory B 9091 475 707 0,04
term Av(FF”), [13] DB 7245 395 574 0,0003
Quantum MHz AV(EF?),
nummbers of AE(F.F). M DV 1255 67,7 98,3 0,0005
total moment 1073 cm! AE(FF?), U 1453 69,3 109 0,62
10+ cm! DU | 2343 127 185 | 0,0007
128, (1,0) 1420,406 1419,685
47,379 47,355 In table 3 there are listed the nuclear corrections
2575 (1.0) 177,557 177.480 into energy of the low transitions for Li-like ions.
v 5,923 5,920
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Table 3

Nuclear finite size corrections into energy
(cm ™) for Li-like ions and values of the effec-
tive radius of nucleus (10" c¢cm)

Z 2s ,-2p,, 2s,,-2p,, R

20 - 15,1 - 15,5 3,26
41 - 659,0 -670,0 4,14
69 -20690,0 -21712,0 4,93
79 -62315,0 -66931,0 5,15
92 -267325,0 | -288312,0 5,42

The calculation showed also that a variation
of the nuclear radius on several persents could
lead to changing the transition energies on doz-
ens of thousands 10°cm™ . In [8,32,35] there are
listed the results of calculating the constants of
the hyperfine interaction: the electric quadruple
constant B, the magnetic dipole constant 4 with
inclusion of nuclear finiteness and the Uehling-
Serber potential for some Li-like ions. In table
4 data on the HFS constants for lowest excited
states of Li-like ions are listed. Similar data for
other states were listed earlier (see ref. [8,32,34]),
but there another model for a charge distribution
in a nucleus and method of treating the QED cor-
rections were used.

Table 4.
Constants of the hyperfine electron-nuclear

— 3
interaction: A=Z%g 4cm?, B=_Z% Q 3em

1 121 -1)
nlj VA 20 79 92
2s - 93-03 | 215-02 | 314
A -02
3s y 26-03 | 63-03 |90-03
2, |5 25-03 | 71-03 l 83
.| 5 81-04 | 20-03 |31-03

2p,, 1 50-04 | 71-04 | 72-04
3 904 15-04 | 17-04
3p,, 1 13-04 | 21-04 |22-04
3 31-05 55-05 | 6205
3d,, y 88 —05 11-04 | 12-04
3 51 -06 10-05 | 11-05
3d,, = 3605 | 50-05 |52-05
3 21-06 | 39-06 |40-06
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UDC 539.182

A. V. Glushkov, V. B. Ternovsky, A. V. Smirnov, A. A. Svinarenko

GAUGE-INVARIANT RELATIVISTIC PERTURBATION THEORY APPROACH TO
DETERMINATION OF ENERGY and SPECTRAL CHARACTERISTICS FOR HEAVY
AND SUPERHEAVY ATOMS AND IONS: REVIEW

Summary

We reviewed an effective consistent ab initio approach to relativistic calculation of the spectra for
multi-electron heavy and superheavy ions with an account of relativistic, correlation, nuclear, radia-
tive effects is presented. The method is based on the relativistic gauge-invariant (approximation to
QED) perturbation theory (PT) and generalized effective field nuclear model with using the optimized
one-quasiparticle representation firstly in theory of the hyperfine structure for relativistic atom. The
wave function zeroth basis is found from the Dirac equation with potential, which includes the core ab
initio potential, the electric and polarization potentials of a nucleus. The correlation corrections of the
high orders are taken into account within the Green functions method (with the use of the Feynman
diagram’s technique). There have taken into account all correlation corrections of the second order
and dominated classes of the higher orders diagrams (electrons screening, particle-hole interaction,

26



mass operator iterations). The magnetic inter-electron interaction is accounted in the lowest on a pa-
rameter (o is the fine structure constant), approximation, the self-energy part of the Lamb shift is taken
effectively into consideration within the Ivanov-Ivanova non-perturbative procedure, the Lamb shift
polarization part - in the generalized Uehling-Serber approximation with accounting for the Kallen-
Sabry a*(aZ) and Wichmann-Kroll a(aZ)" corrections.

Keywords: Relativistic perturbation theory, Heavy ions, Relativistic energy formalism

VJIK 539.182
A. B. I'mywikos, B. b. Tepnosckuii, A. B. Cuupnos, A. A. Ceéunapernko

METO/ KAJTUEPOBOUYHO-UHBAPUAHTHOM PEJIITUBUCTCKON TEOPUN
BO3MYIIEHUM K OIPEJEJEHUIO DHEPTETUYECKHNX Y CIIEKTPAJIBHBIX
XAPAKTEPUCTHK TAXKEJIBIX U CBEPXTAKEJIBIX ATOMOB 1 HOHOB: OB30P

Pe3rome

B pabote 0030pHO M3I0KEHBI OCHOBBI 3(PHEKTUBHOTO, MOCIEAOBATEILHOTO ab initio moaxoma K
PENATUBUCTCKOMY BBIUYHCICHHIO CIIEKTPOB MHOTO3JICKTPOHHBIX TSDKEIBIX M CBEPXTSIKEIBIX MOHOB
C YYETOM PEJISTHBUCTCKUX, KOPPEISIMOHHBIX, SICPHBIX, paaHallHOHHBIX 3¢ ¢dekToB. MeTon ocHo-
BaH Ha PEJIATUBUCTCKOM KaauOpoBouHO-MHBapuaHTHOU (KDJ[) Teopuu Bo3MyIeHHI, 00001IIEHHON
3¢ dEeKTUBHON TIOJEBOM MOJAETH SApa C UCIOJIB30BAHUEM ONTHUMHU3UPOBAHHOTO OHOKBA3MYACTHY-
HOTO TIPEJICTABIICHUS BIIEPBBIC B TEOPUH CBEPXTOHKOW CTPYKTYPHI CIIEKTpPa PEISTHBUCTCKOTO aTOMa.
basuc BonmHOBBIX (YHKIHI HyJIeBOTO MPUOIMKEHHS ONpeaenseTcs pemeHusMu Dirac ypaBHEeHuUs ¢
MOTEHIIMATIOM, KOTOPBIN BKJIIOUAET B ce0si caMOCOIIacOBaHHBIN ab initio AMEKTPOHHBIN MOTSHIIUAT,
AIIEKTPUICCKUH U TOJSAPHU3AIMOHHBIA TOTEHITHANBI siipa. KoppensiuoHHbIe MMONPABKH BBICIINX T10-
PSAKOB YUUTHIBAIOTCA B pamkax Mertoia ¢yHkiuil [puHa (¢ MCONb30BaHHEM TEXHUKHU JUArpaMMm
Feynman). Y4reHbl Bce KOppENSIIMOHHBIC MMOMPABKU BTOPOTO MOPSIAKA ¥ JOMUHUPYIOIIHE KIacChl
JMarpaMM BBICIIHX TTOPSJIKOB (3KpaHUPOBAHUE JJICKTPOHOB, B3aUMOJICHCTBUE YACTHIIBI C JIBIPKOM,
UTEpallid MacCOBOTO oreparopa). MarHUTHOE MEXIIEKTPOHHOE B3aUMOJCHUCTBUE YUUTHIBACTCS B
HU3IIEM I10 MapameTpy o (o - MOCTOSTHHAS TOHKON CTPYKTYPBI)IPUOIUKEHUN, COOCTBEHHO-2HEPTe-
TUYECKasi 4acTh JIMOOBCKOTO c/iBUra 3()(EeKTUBHO YUUTHIBAETCS B paMKaxX 00OOLICHHON HENepTyp-
O6aruBHOI mpoueaypsl Ivanov-Ivanova, sddekt nomspuzanuu Bakyyma J3MOOBCKOTO CIBUTA - B
npubmmxennn Uehling-Serber ¢ ygerom nonpasok Killen-Sabry o*(aZ) 1 Wichmann-Kroll a(aZ)"
(Z — 3apsin sigpa).

KuroueBsble cioBa: KannGpoBouHO-UHBapHaHTHAS PEISTUBUCTCKAS TEOPHUS BO3MYIIECHUH, Tshke-
JIbIe MOHBI, PeNTUBUCTCKUN dHEpreTHYeCKuid (hopMamnu3m

VIIK 539.182
O. B. I'nywkos, B. b. Teprnoscvkuii, A. B. Cmipnos, A. A. Ceunapenro

METO/ KAJIBPYBAJIbHO-THBAPIAHTHOI PEJIATUBICTCHKOI TEOPII 3BYPEHD
A0 BUBHAYEHHSA EHEPTETUYHHUX I CIIEKTPAJIBHUX XAPAKTEPUCTHUK
BAKKHUX I HAZABAKKHUX ATOMIB TA HOHOB: OIJIAJ

Pesrome
B po6oti o080 BUKIAACHI OCHOBU €()EKTUBHOTO, MOCTIAOBHOTO ab initio miaxomy A0 pens-
THUBICTCHKOTO OOYMCIIEHHS CIIEKTPIB 0araroeIeKTPOHHUX BAXKKUX 1 HA/IBAKKUX 10HIB 3 ypaxXyBaHHSIM

27



PENATUBICTCHKHUX, KOPENSAINHNX, SACPHHUX, paialiifHux edexTiB. MeToa 3acHOBaHUM Ha peJsTH-
BicTChKOI KaniOpyBanbHO-1HBapianTHOI (KEJ[) Teopii 30ypenb, y3arajibHeHO1 €(eKTUBHOI MMOJIbOBOT
MoJIeJli AApa 3 BUKOPUCTAHHAM ONTHUMI30BAHOIO OJTHOKBA31YaCTMHKOBOIO MPE/ACTABIECHHS BIEpIIe
B TEOPil HAATOHKOI CTPYKTYpH CIEKTPY PEIATHBICTCHKOrO aroMa. ba3zuc XBuinboBuX (pyHKIIIH HYIHO-
BOT'0 HAOJM)KEHHS BU3HAYAETHCS pilleHHAMU Dirac piBHSHHS 3 NOTEHLIAJIOM, KU BKIIoYae B ceOe
CaMOY3TO/KEHUH ab initio eJIeKTPOHHHM MOTEHITia, eICKTPUIHUHN 1 TOMApU3AIiiHUN MOTEHITIaIn
snapa. KopensuiliHi monpaBKy BUIIMX MOPSIKIB BPAaXOBYIOTHCS B paMKax MeTomy ¢yHKuii I'pina (3
BUKOpPUCTaHHSAM TeXHikH J1arpaM Feynman). BpaxoBaHo Bci kopesiliiiHi HOMpaBKy JPyroro nopsii-
Ky 1 JIOMiHYIOY1 KJIacH JiiarpaM BHUIIUX MOPSIKIB (€KpaHyBaHHS €JIEKTPOHIB, B3a€EMOJIS YaCTHUHKH 3
JipKoto, iTeparii MacoBoro orneparopa). MarHniTHa MKEIEKTPOHHA B3a€MOJIisl BPAXOBYETHCS B HUXK-
YoMy 3a mapaMmeTpoMm o (o - cTaja TOHKOI CTPYKTYpH) HaOJIMKCHHI, BIACHE-CHEPreTUYHA YaCTHHA
71eMOOBCHKOTO 3CyBY €()eKTUBHO BPaxXOBYEThCS B PAMKax y3araJbHEHOI HemepTypOaTHBHOI mpolie-
nypu Ivanov-Ivanova, edexr nonspusariii Bakyymy J1eMOOBCHKOTO 3cyBy - B HabmmwkenHi Uehling-
Serber 3 ypaxyBanHusm nompaBok Killen-Sabry a*(aZ) Ta Wichmann-Kroll a(aZ)" (Z — 3apsin simpa).

Kurouosi cioBa: KamOpyBanbHO-iHBapiaHTHA PENIATHBICTCHKA Teopis 30ypeHb, Bakki ioam, Pe-
JSATUBICTCHKUN €HEpreTHUHUH hopmanizm
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