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CHAOTIC DYNAMICS OF DIATOMIC MOLECULES
IN AN ELECTROMAGNETIC FIELD

Nonlinear chaotic dynamics of the diatomic molecules interacting with a resonant linearly polarized electromagnetic
field is computationally modelled. It is presented an effective quantum-mechanical model for diatomic molecule in
an electromagnetic field, based on the Schrodinger equation and model potential method. To detect the elements of
a chaotic dynamics, we used the known chaos theory and non-linear analysis methods such as a correlation integral
algorithm, the Lyapunov’s exponents and Kolmogorov entropy analysis, prediction model etc. There are listed the data
of computing dynamical and topological invariants such as the correlation, embedding and Kaplan-Yorke dimensions,
Lyapunov’s exponents, Kolmogorov entropy etc, for polarization time series of the ZrO molecule interacting with
a linearly polarized electromagnetic field. The results obtained are in a physically reasonable agreement with the
conclusions by Berman, Kolovskii, Zaslavsky, Zganh et al, Glushkov et al.

Introduction

Theoretical and experimental studying regu-
lar and chaotic dynamics of nonlinear processes
in the different classes of quantum systems (in
particular, atomic and molecular systems in an
external electromagnetic field) attracts a great
interest that is of a significant importance for
multiple scientific and technical applications etc
[1-70]. Some of the beauty of quantum chaos is
that it has developed a set of tools which have
found applications in a large variety of differ-
ent physical contexts, ranging from atomic, mo-
lecular and nuclear physics (Chirijov, 1979, De-
lande-Gay 1986, Wintgen-Friedrich 1986, Win-
tgen 1987, Zaslavsky, Berman, Kolovsky, 1988,
1992, Meredith et al, 1988, Chelkowski et al,
1991, Delande et al 1991, Zhang, Katsouleas,
Joshi, 1993, Cassati et al 1994, Glushkov et al
1993, 1997, 2014, Bohigas and Leboeuf 2002,
Olofsson et al 2006, Lopez, Mercado, 2015 et
al), optical (Nockel-Stone 1997, Gmachl et
al 1998) or microwave (Stockmann and Stein
1990, Sridhar 1991, Alt et al 1995, Kudrolli et al
1995, Pradhan and Sridhar 2000) resonators and
mesoscopic physics (Richter et al 1996b, Rich-
ter 2000, Alhassid 2000, Glushkov et al, 2005-

2007) and others (see review [11]). New field of
investigations of the quantum and other systems
has been provided by the known progress in a
development of a nonlinear analysis and chaos
theory methods [1-12,17-30]. In Refs. [11,27-
33] the authors applied different approaches
to quantitative studying regular and chaotic
dynamics of atomic and molecular systems in-
teracting with a strong electromagnetic field
and laser systems. The most popular approach
includes the combined using the advanced non-
linear analysis and a chaos theory methods such
as the autocorrelation function method, multi-
fractal formalism, mutual information approach,
correlation integral analysis, false nearest
neighbour algorithm, Lyapunov exponent’s
analysis, surrogate data method, stochastic
propagators method, memory and Green’s
functions approaches etc (see details in Refs.
[17-33])).

In this paper we present the results of com-
puting chaotic dynamics of the concrete molec-
ular systems (diatomic molecules) interacting
with a linearly polarized resonant electromag-
netic field. The quantum-dynamic approach to
diatomic molecule in an electromagnetic field
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is used and based on the solution of the time-
dependent Schrodinger equation, optimized op-
erator perturbation theory and realistic model
potential method.

2. Quantum-dynamical and chaos-geomet-
ric modeling dynamics of diatomic molecule
in a field

Below we briefly consider a quantum dy-
namical approach to studying a regular and
chaotic dynamics of diatomic molecules in a
resonant electromagnetic field [11]. It is based
on the numerical solution of the time-dependent
Schrodinger equation and realistic Simons-Parr-
Finlan model for the diatomic molecule poten-
tial U (x). The Simons-Parr-Finlan formulae for
the molecular potential is:

() ol )T
(1a)
or introducing x=r - r,
(G T GRS ot B DA Y G
(1b)

where the coefficients b, are linked with corre-
sponding molecular constants.

The problem of dynamics of diatomic mol-
ecules in an infrared field is reduced to solving
the Schrodinger equation:

ioV/ot =[H,+U(x)—d(x)E,e(t)cos(w,t)]¥ (2)

where E, - the maximum field strength,
e(t)=E cos(vt) corresponds the pulse envelope
(chosen equal to one at the maximum value of
electric field). A molecule in the field gets the in-
duced polarization and its high-frequency com-
ponent can be defined as:

P.(t) = pgx) (t)coswt + ps(x) (t)sinwt,

(3a)

B,(t) = pC@) (t)coswt + pE’) (t)sinwt, (3b)
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pEP () = (3) $w(O)|ds o (D)coswtat,  (3c)
where T — period of the external field, d —di-
pole moment. As usually, the power spectrum
can be further determined as follows:

S(w) = [Flp@®]*. 4

To avoid the numerical noise during the Fou-
rier transformation, the attenuation technique
used,i.e. at£> ¢, p (1) is replaced by

p(t)cos?{m(t —t,)/[2(T—t,)]}, (t, <t <T) (5)
with 7=1.5¢,

It is understood that in the regular case of
molecular dynamics, a spectrum will consist of
a small number of the well resolved lines. In the
case of chaotic dynamics of molecule in a field
situation changes essentially. The correspond-
ing energy of interaction with the field is much
higher than anharmonicity constant w > xrQ. It
is obvious that a spectrum in this case become
more complicated [7-12].

The theoretical foundations of the universal
approach to analysis of chaotic dynamics of the
quantum systems in an electromagnetic field
have been presented earlier (see, c.g., [11,17-
33]). Here we are limited only by the key mo-
ments. Generally speaking, the approach in-
cludes a set of such non-linear analysis and a
chaos theory methods as the correlation integral
approach, multi-fractal and wavelet analysis,
average mutual information, surrogate data,
Lyapunov’s exponents and Kolmogorov entropy
approach, spectral methods, nonlinear predic-
tion (predicted trajectories, neural network etc)
algorithms.

The goal of the embedding dimension deter-
mination is to reconstruct a Euclidean space R?
large enough so that the set of points d, can be
unfolded without ambiguity. In accordance with
the embedding theorem, the embedding dimen-
sion, d,, must be greater, or at least equal, than a
dimension of attractor, d , i.e. d, > d . There are
several standard approaches to reconstruction of
the attractor dimension (see, e.g., [17-33]). The
correlation integral analysis is one of the widely
used techniques to investigate the signatures of



chaos in a time series. The analysis uses the cor-
relation integral, C(r), to distinguish between
chaotic and stochastic systems.

To compute the correlation integral, the algo-
rithm of Grassberger and Procaccia [24] is the
most commonly used approach. According to
this algorithm, the correlation integral is

ZH(r—Iy,-—y,-l) (6)
(lﬁil<’]j’£N)

. 2
cr)=lim N(n-1)

where H is the Heaviside step function with
Hu)=1foru>0and Hu) =0 foru <0, r1is
the radius of sphere centered on y, or Y, and N
is the number of data measurements. To verify
the results obtained by the correlation integral
analysis, one could use the surrogate data meth-
od. This approach makes use of the substitute
data generated in accordance to the probabilistic
structure underlying the original data.

The important dynamical invariants of a cha-
otic system are the Lyapunov’s exponents (see,
c.g., [11,25-30]). They are usually defined as as-
ymptotic average rates, they are independent of
the initial conditions, and therefore they do com-
prise an invariant measure of attractor. Saying
simply, the Lyapunov’s exponents are a param-
eter to detect whether the system is chaotic or not.

The Kolmogorov entropy K measures the
average rate at which information about the state
is lost with time. An estimate of this measure is
the sum of the positive Lyapunov’s exponents.
The estimate of the dimension of the attractor
is provided by the Kaplan and York conjecture:

J
2 (7)
d, =j+2x—
1= J B

J+l |

and z

the Lyapunov’s exponents A are taken in de-
scending order.

There are a few approaches to computing the
Lyapunov’s exponents. One of them computes
the whole spectrum and is based on the Jacobi
matrix of system. In our work we use the meth-
od with the linear fitted map proposed by Sano
and Sawada [58], although the maps with higher
order polynomials can be also used.

where j is such that 3 , and

3. Some results and conclusions

Here we present the results of numerical
simulation of the time dynamics for diatomic
molecule ZrO in the electromagnetic field. An
electromagnetic field is characterized by the pa-
rameter: S = cE /8n. where c is the velocity of
light and £ is a field strength. The parameter W
of interaction of an electromagnetic radiation
with a molecule is as follows:

Wlem™1=120.3(d, /n)(S/ Ma,)"”  (8)

where an interatomic distance 7, in A, dipole
moment d in D, ®_in cm™, M in a.u.m., and the
field parameter S in GW/cm? . In Table 1 we list
a set of the ZrO molecules and field parameters
[68-70].

The corresponding Chirikov parameter [10]
in this case is as: én = 2(Ed/B)? > 1. The typi-
cal theoretical time dependence of polarization
for ZrO molecule in the field in a chaotic regime
is presented in Ref. [11]. The concrete step is an
analysis of the corresponding time series with
the n=7.6x10° and Ar=5x10"4s.

In Table 3 we list the computed values of the
correlation dimension d,, the Kaplan-York attrac-
tor dimension (d,), the Lyapunov’s exponents (A,
i=1-3), the Kolmogorov entropy (K_ ), and the
Gottwald-Melbourne parameter

Table 1.
Set of the ZrO molecular constants and elec-
tromagnetic field parameters

Parameters ZrO
o= (cm?) 969.7
OX= (cm™) 4.90
B, (cm™) 0.423
D, (cm™) 3.19x107
d,(D) 2.55
ry (A) 1.72
M (a.u.m) 13.58
W (cm™) 15.5-49.1
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Table 2.

The correlation dimension d,, Lyapunov’s

exponents (A, i=1,2), Kaplan-York attractor

dimension (d, ), Kolmogorov entropy (K ),
the Gottwald-Melbourne parameter K

dZ 7\'1 )\’2 dL Kentr KGW
276 | 0.147 | 0.018 | 2.53 | 0.165 | 0.73

Analysis of the presented data allows to make
conclusions that the dynamics of the ZrO mole-
cule in a resonant linearly polarized electromag-
netic field has the elements of a deterministic
chaos (the strange attractor) and this conclusion
is entirely agreed with the results of modelling
for other diatomic molecules [3,7-11].
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CHAOTIC DYNAMICS OF DIATOMIC MOLECULES
IN AN ELECTROMAGNETIC FIELD

Summary

Nonlinear chaotic dynamics of the diatomic molecules interacting with a resonant linearly po-
larized electromagnetic field is computationally modelled. It is presented an effective quantum-
mechanical model for diatomic molecule in an electromagnetic field, based on the Schrédinger
equation and model potential method. To detect the elements of a chaotic dynamics, we used the
known chaos theory and non-linear analysis methods such as a correlation integral algorithm, the
Lyapunov’s exponents and Kolmogorov entropy analysis, prediction model etc. There are listed
the data of computing dynamical and topological invariants such as the correlation, embedding and
Kaplan-Yorke dimensions, Lyapunov’s exponents, Kolmogorov entropy etc, for polarization time
series of the ZrO molecule interacting with a linearly polarized electromagnetic field. The results
obtained are in a physically reasonable agreement with the conclusions by Berman, Kolovskii,
Zaslavsky, Zganh et al, Glushkov et al.

Key words: Nonlinear chaotic dynamics, diatomic molecules, electromagnetic field
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XAOTHYECKASA JTUHAMHUKA JIBYXATOMHbBIX MOJIEKYJI
B JIEKTPOMAT'HUTHOM MOJIE

Pe3rome

MonenupyeTcst HeTMHeWHAsE XaoTH4YeCcKast JUHAMUKA JIByXaTOMHBIX MOJIEKYJI, B3aUMOJICHCTBY-
IOIUX C PE30HAHCHBIM JIMHEHHO-TIOSIPU30BAaHHBIM 3JIEKTPOMArHUTHBIM TosieM. [IpencraBieHa
b dexTUBHAsS KBAaHTOBO-MEXaHWYECKasi MOJIEb JUIsl ABYXaTOMHOM MOJIEKYJIBI B 3JIEKTPOMArHUT-
HOM I10J1€, Oa3upyroIiascs Ha UCTIOJb30BaHnn ypaBHeHus [lIpeauarepa u MeTona MOIEILHOTO T10-
TeHnuasna. Jljist 1eTeKTUpOBaHUS PJIEMEHTOB XaOTHUYECKOW TMHAMUKH MCIIOJIb30BaHbI METO/IBI TEO-
pHUU Xaoca ¥ HEJIMHEHHOTO aHaJn3a, TAaKUe KaK aJrTOPUTM KOPPEISIIMOHHOTO HHTErpajia, aHallu3 Ha
OCHOBE TIoKazatenei JiamyHoBa u s3aTponuu KomMoroposa, TpaekTopHasi MOJIENb TPOTHO3A U AP.
[Ipencrarnensl JaHHBIE BEIYUCICHUS JUMHAMUYCCKUX U TOTIOJOTUYECKUX MHBAPHUAHTOB TAKUX KaK
KOppEJSAIMOHHAs Pa3MEPHOCTh, Pa3MEPHOCTH BIIOKCHHS 1 KannaHa-fIOpKa, nokasarenu JIsmyHo-
Ba, sHTpornus KonmoropoBa u T. 1. i1 BPEMEHHOW 3aBUCUMOCTH TOJISAPU3ANNHN MOJEKYIbl ZrO,
B3aUMOJICHCTBYIOIIEH C JIMHEHHO-TIOJIAPU30BAHHBIM JIEKTPOMArHUTHBIM TtosieM. [losryyeHnHble pe-
3yJbTaThl HAXOJATCA B (PU3WUYECKU pa3yMHOM COIVIACHMU C KaueCTBEHHBIMHU BbIBOJaMHu bepmaHa,
Konosckoro, 3acnasckoro, 3rana, [ mymikoBa u jap.

KuroueBble ci1i0Ba: HENMHEWHAsT XaoTWYECKas TUHAMMKA, JBYXaTOMHAas MOJIEKYJa, dJIEKTPO-
MAarHuTHOE I10JIe
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XAOTUYHA JUHAMIKA JIBOATOMHUX MOJIEKYJI
B EJIEKTPOMATHITHOMY I10JI1

Pesrome

MopentoeTbcsl HelliHIHHA XaOTUYHA JUHAMIKA TBOATOMHHUX MOJIEKYI, B3a€MOJIIOUHX 3 PE30-
HAHCHUM JIHIMHO-TIONSIPU30BaHUM €JIEKTPOMarHiTHUM moineM. IlpeacraBiena edexkruBHa KBaH-
TOBO-MEXaHIYHa MOJIEIb JJISl IBOATOMHUX MOJICKYJIM B €JIEKTPOMArHITHOMY TOJi, 10 0a3yeThes
Ha BUKOpHcTaHHI piBHAHHSA Llpeninrepa i MeToxy MoAeNnbHOro moTeHmiamy. s JeTeKTyBaHHS
€JIEMEHTIB XaOTHYHOI TUHAMIKH BHKOPUCTaHI METOIM TeOpii XaoCy 1 HeNHIHHOTO aHali3y, Taki
SK aJITOPUTM KOPEJIALIMHOTO iHTerpasa, aHaji3 Ha OCHOBI NMoKka3HUKiB JIsmyHoBa 1 enTpomnii Kou-
MOTOPOBA, TPAEKTOPHA MOJIENb IPOTHO3Y 1 1H. [IpencTaBneni gaHi 00UNUCICHHS JUHAMIYHHX 1 TO-
MOJIOT1YHUX 1HBAPIaHTIB TaKUX SIK KOpeJALiiHa PO3MIPHICTH, PO3MIPHOCTI BKiIaZeHHs 1 Kamiana
-Mopxa, noka3uuku JIsmyrosa, enTpomis KonmMoroposa i T. 1. 1u1st 4acoBoi 3a/1eXKHOCTI TIOIApH3a-
il Mosekynu ZrO, sika B3a€EMOJII€ 3 JTIHIHHO-NOJISPI30BaHUM €JIEKTPOMAarHiTHUM nosieM. OTpuma-
Hi pe3yNbTaTh 3HAXOIATHCS B (PI3UUHO PO3YyMHIN 3rofi 3 siKicHUMH BucHOBKaMu bepmana, Komo-
BCHKOTO, 3aclaBCchKoro, 3rana, [mymkosa Ta iH.

Kuro4oBi cjioBa: HeniHilfHA XaO0TUYHA TWHAMIKA, IBOATOMHA MOJIEKYJIa, €IEKTPOMArHiTHE TOJIe
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