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RELATIVISTIC THEORY OF SPECTRA OF USUAL AND EXOTIC ATOMS: NITROGEN 
HYPERFINE TRANSITIONS ENERGIES 

A new theoretical approach to the description of spectral parameters pionic atoms in the excited 
states with precise accounting relativistic, radiation and nuclear effects is applied to the study of 
energy and spectral  parameters of transitions between hyperfine structure components. As an example 
of the present approach presents new data on the energies of the hyperfine structure transitions 5g-
4f, 5f-4d in the spectrum of pionic  nitrogen are presented and it is performed comparison with the 
corresponding theoretical data by Trassinelli-Indelicato

1. Introduction
Our work is devoted to the further application 

of earlier developed new theoretical approach [1-
3] to the description of spectra and different spec-
tral parameters, in particular, radiative transitions 
probabilities for pionic atoms in the excited states 
with precise accouting relativistic, radiation. Here 
problem to be solved is estimate of the hyperfine 
structure components transition energies in the 
pionic atom of nitrogen. Earlier we have present-
ed the corresponsing data on the radiation prob-
abilities [1]. 

As it was indicated earlier [1-3] nowadays  in-
vestigation of the pionic and at whole the exotic 
hadronic atomic systems represents a  great inter-
est as from the viewpoint of the  further develop-
ment of atomic and nuclear spectral theories as 
creating new tools for sensing the nuclear struc-
ture and fundamental pion-nucleus strong inter-
actions [1-15]. It is, above all, the strong pion-
nucleon interaction, new information about the 
properties of nuclei and hadrons themselves and 
their interactions with the nucleus of the meas-
ured energy X-rays emitted during the transition 
pion spectrum of the atom. 

While determining the properties of pion at-
oms in theory is very simple as a series of H such 
models and more sophisticated methods such 
combination chiral perturbation theory (TC), 

adequate quantitative description of the spectral 
properties of atoms in the electromagnetic pion 
sector (not to mention even the strong interaction 
sector ) requires the development of High-preci-
sion approaches, which allow you to accurately 
describe the role of relativistic, nuclear, radiation 
QED (primarily polarization electron-positron 
vacuum, etc.). pion effects in the spectroscopy of 
atoms. The most popular theoretical models are 
naturally based on the using the Klein-Gordon-
Fock equation, but there are many important 
problems connected with accurate accounting for 
as pion-nuclear strong interaction effects as QED 
radiative corrections (firstly, the vacuum polari-
zation effect etc.). This topic has been a subject 
of intensive theoretical and experimental interest 
(see [1-16]). The perturbation theory expansion 
on the physical; parameter aZ is usually used to 
take into account the radiative QED corrections, 
first of all, effect of the polarization of electron-
positron vacuum etc. This approximation is suffi-
ciently correct and comprehensive in a case of the 
light pionic atoms, however it becomes incorrect 
in a case of the heavy atoms with large charge of 
a nucleus Z.

The  more correct accounting of the QED, fi-
nite nuclear size and electron-screening effects 
for pionic atoms is also very serious and actual 
problem to be solved more consistently in com-
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parison with available theoretical models and 
schemes.  

2. Theory
The basic topics  of our theoretical approach 

have been earlier presented [1-3], so here we are 
limited only by the key elements.  Naturally, the 
relativistic dynamic of a spinless boson (pion) 
particle is  described by the Klein-Gordon-Fock 
(KGF) equation. As usually, an electromagnetic 
interaction between a negatively charged pion and 
the atomic nucleus can be taken into account in-
troducing the nuclear potential Aν in the KG equa-
tion via the minimal coupling pν→ pν− qAν. The 
relativistic wave functions of the zeroth approxi-
mation for pionic atoms are determined from the 
KGF equation [1]: 
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where h is the Planck constant, c the velocity of 
the light and the scalar wavefunction Ψ0(x) de-
pends on the space-time coordinate x = (ct,r). 

Here it is considered a case of a central Cou-
lomb potential (V0(r),0). Then the standard   sta-
tionary equation looks as:
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where E is the total energy of the system (sum of the 
mass energy mc2 and binding energy e0). In prin-
ciple, the central potential V0 should include the 
central Coulomb potential, the radiative (in partic-
ular, vacuum-polarization) potential as well as the 
electron-screening  potential in the atomic-optical 
(electromagnetic) sector. Surely, the full solution 
of the pionic atom energy especially for the low-
excited state requires an inclusion the pion-nucle-
ar strong interaction potential. However, the main 
problem considered here is computing the radia-
tive transitions probabilities between components 
of the hyperfine structure for sufficiently high 
states, when the strong pion-nuclear interaction is 
not important from the  quantitative viewpoint.   
However, if a pion is on the high orbit of the atom, 
the strong interaction effects can not be accounted 
because of the negligible value.

The next step is accounting the  nuclear fi-
nite size effect or the Breit-Rosenthal-Crawford-

Schawlow one. In order to do it we  use the wide-
spread Gaussian model for nuclear charge distri-
bution. The advantages of this model in compari-
son with usually used models such as for example 
an uniformly charged sphere model and others 
had been analysed in Ref. [1-]. Usually the Gauss 
model is determined as follows: 
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where 24 Rp=g , R is an effective radius of a 
nucleus.

In order to take into account very important ra-
diation QED ceffects we use the radiative potential 
from the Flambaum-Ginges theory [15]. In includes 
the standard Ueling-Serber potential and electric 
and magnetic form-factors plus potentials for ac-
counting of the high order QED corrections such as:
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Here е – a proton charge and universal 
function B(Z) is defined by expression:  
B(Z)=0.074+0.35Za. 

At last to take into account the electron screen-
ing effect we use the  standard procedure, based on  
addition of the total interaction potential SCF po-
tential of the electrons, which can be determined 
within the Dirac-Fock method by solution of the 
standard relativistic Dirac equations. It should be 
noted however, that contribution of theses correc-
tions is practically zeroth for the pionic nitrogen, 
however it can be very important in transition to 
many-electron as a rule heave pionic atoms. 

Further in order to calculate the energies and 
probabilities of the radiative transitions between 
energy level of the pionic atoms we have used 
the well known relativistic energy approach (look 
[17-19] and Refs. in [16], which is used for com-
puting probabilities. 
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The expression for the energy of the hyperfine 
splitting (magnetic part of) the energy levels of 
the atom in the pion: 
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Here mN= cme p2/  ; other notations are stan-
dard.  In a consistent precise theory it is important 
allowance for the contribution to the energy of the 
hyperfine splitting of the levels in the spectrum of 
the pion atom due to the interaction of the orbital 
momentum of the pion with the quadrupole mo-
ment of the atomic nucleus. The corresponding 
part can be presented as follows [3]:
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Here L – is orbital moment of pion, F is a total 

moment of an atom. 

3. Results and conclusions
As example of application of the presented ap-

proach, in tables 1, 2 we present the data on ener-
gies  (in eV) of the hyperfine transitions 5g-4f in 
the spectrum of the pion nitrogen): Th1- data by 
Trassinelli-Indelicato; Th2-  our data. In theory 
by Trassinelli-Indelicato (look, for example, [4]) 
it has been used the standard atomic spectroscopy 
amplitude scheme when the transitions energies 
and probabilities are calculated in the known de-
gree separately. In  table 2 we present our data for 
energies (in eV) of the  hyperfine transitions 5f-4d 
in the spectrum of the pion nitrogen: our data

Table 1. 
The energies (in eV) of the  hyperfine tran-

sitions 5g-4f in the spectrum of the pion nitro-
gen: Th1- data by Trassinelli-Indelicato; Th2-  
our data

F-F’ Т.I : Р (5g-4f) Т.II : Р (5g-
4f) 

5-4 4055.3779 4055.3728
4-3 4055.3821 4055.3777
4-4 4055.3762 4055.3715
3-2 4055.3852 4055.3804
3-3 4055.3807 4055.3765
3-4 4055.3747 4055.3710

Table 2.
The energies (in eV) of the  hyperfine tran-

sitions 5f-4d in the spectrum of the pion nitro-
gen: our data

F-F’ Our data 
(5f-4d ) 

4-3 4057.6819
3-2 4057.6915
3-3 4057.6799
2-1 4057.6978
2-2 4057.6905
2-3 4057.6789

In whole, the computed values of energies  for 
considered transitions between hyperfine struc-
ture components in the spectrum of the pion 
within theory by Trassinelli-Indelicato and ours 
demonstrate physically reasonable agreement. 
, however our values are a little  different. This 
fact can be explained by difference in the comput-
ing schemes and different level of accounting for 
nuclear finite size, QED and other effects (look 
details [1-3,20,21]). 

electrons, which can be determined within 
the Dirac-Fock method by solution of the 
standard relativistic Dirac equations. It 
should be noted however, that contribution of 
theses corrections is practically zeroth for the 
pionic nitrogen, however it can be very 
important in transition to many-electron as a 
rule heave pionic atoms.  

Further in order to calculate the 
energies and probabilities of the radiative 
transitions between energy level of the pionic 
atoms we have used the well known 
relativistic energy approach (look [17-19] 
and Refs. in [16], which is used for 
computing probabilities.  
          The expression for the energy of the 
hyperfine splitting (magnetic part of) the 
energy levels of the atom in the pion:  
 

                                       

   


nlrVnlE
ceE nl

NInlF

00

2
0

1 4
 

 

                             
      nlrnl

I
llIIFF 3

2
111 




 

  

                                                     (6)                            
Here N= cme p2/  ; other notations are 
standard.  In a consistent precise theory it is 
important allowance for the contribution to 
the energy of the hyperfine splitting of the 
levels in the spectrum of the pion atom due to 
the interaction of the orbital momentum of 
the pion with the quadrupole moment of the 
atomic nucleus. The corresponding part can 
be presented as follows [3]: 
 

)1(  CBCLIFMWLIFM Q                                                 
                                                                    (7) 
where             
                                                 
            C=F(F+1)-L(L+1)-I(I+1), 
                                                                 (8) 
 

)32)(12)(12)(1(
)(

)12(4
3 2

2








LLLLL
LL

II
QeB



                                                               (9) 

)32)(12)(12)(1(
)1()(

)12(
)1( 2

2









LLLLL

LLLL
I

IQe 

                                                         (10)  
Here L – is orbital moment of pion, F is a 
total moment of an atom.  

 
3. Results and conclusions 

 
As example of application of the presented 

approach, in tables 1, 2 we present the data on 
energies  (in eV) of the hyperfine transitions 
5g-4f in the spectrum of the pion nitrogen): 
Th1- data by Trassinelli-Indelicato; Th2-  our 
data. In theory by Trassinelli-Indelicato (look, 
for example, [4]) it has been used the standard 
atomic spectroscopy amplitude scheme when 
the transitions energies and probabilities are 
calculated in the known degree separately. In  
table 2 we present our data for energies (in 
eV) of the  hyperfine transitions 5f-4d in the 
spectrum of the pion nitrogen: our data 
 

Table 1. The energies (in eV) of the  
hyperfine transitions 5g-4f in the spectrum 
of the pion nitrogen: Th1- data by 
Trassinelli-Indelicato; Th2-  our data 
 

F-F’ Т.I : Р (5g-4f) Т.II : Р (5g-4f)  
5-4 4055.3779 4055.3728 
4-3 4055.3821 4055.3777 
4-4 4055.3762 4055.3715 
3-2 4055.3852 4055.3804 
3-3 4055.3807 4055.3765 
3-4 4055.3747 4055.3710 

 
Table 2. The energies (in eV) of the  
hyperfine transitions 5f-4d in the spectrum 
of the pion nitrogen: our data 

 
F-F’ Our data  

(5f-4d )  
4-3 4057.6819 
3-2 4057.6915 
3-3 4057.6799 
2-1 4057.6978 
2-2 4057.6905 
2-3 4057.6789 

 
 



37

References

1. Serga I.N., Relativistic theory of spectra 
of pionic atoms: radiation transition 
probabilities// Photoelec-tronics 
(“Copernicus”).-2015.-Vol.24.-P.44-49.

2. Serga I.N., Dubrovskaya Yu.V., Kva-
sikova A.S., Shakhman A.N., Sukharev 
D.E., Spectroscopy of hadronic atoms: 
Energy shifts// Journal of Physics: C 
Ser.-2012.- Vol.397.-P.012013.

3. Serga I.N., Relativistic theory of 
spectra of pionic atoms with account 
of the radiative corrections: hyperfine 
structure// Photoelectronics.-2014.-
Vol.23.-P.171-175.

4. Deslattes R., Kessler E., Indelicato P., de 
Billy L., Lindroth E. , Anton J., Exotic 
atoms//Rev. Mod. Phys. -2003.-Vol.75.-
P.35-70; Indelicato P., Trassinelli M., 
From heavy ions to exotic atoms// arXiv: 
physics.-2005.-V1-0510126v1.-16P. 

5. Backenstoss G., Pionic atoms//Ann. Rev.
Nucl.Sci.-1970.-Vol.20-P.467-510

6. Menshikov L I and Evseev M K, Some 
questions of physics of exotic atoms//
Phys. Uspekhi.2001-Vol. 171.-P.150-
184.

7. Mitroy J., Ivallov I.A., Quantum defect 
theory for the study of hadronic atoms// 
J. Phys. G: Nucl. Part. Phys.-2001.-
Vol.27.-P.1421–1433 

8. Lyubovitskij V., Rusetsky A., πp atom in 
ChPT: Strong energy-level shift// Phys. 
Lett.B.-2000.-Vol.494.-P.9-13.

9. Schlesser S., Le Bigot E.-O., Indelicato 
P., Pachucki K., Quantum-electro-dy-
namics corrections in pionic hydrogen 
// Phys.Rev.C.-2011.-Vol.84.-P.015211 
(8p.).

10. Sigg D., Badertscher A., Bogdan M. 
et al,  The strong interaction shift and 
width of the ground state of pionic hy-
drogen// Nucl. Phys. A.-1996.-Vol.609.-
P.269-309.

11. Gotta D., Amaro F., Anagnostopoulos D., 
Conclusions from recent pionic–atom 
experiments//Cold Antimatter Plasmas 
and Application to Fundamental Phys-
ics, ed. Y.Kania and Y.Yamazaki (AIP).-
2008.-Vol.CP1037.-P.162-177.

12. Gotta D., Amaro F., Anagnostopoulos D., 
Pionic Hydrogen//Precision Physics of 
Simple Atoms and Molecules, Ser. Lec-
ture Notes in Physics (Springer, Berlin / 
Heidelberg).-2008.-Vol.745.-P.165-186

13. Deloff  A.,  Fundamentals in Hadronic 
Atom Theory, Singapore: World Scien-
tific, 2003.-352P.

14. Serga I.N., Dubrovskaya Yu.V., Kva-
sikova A.S., Shakhman A.N., Sukharev 
D.E., Spectroscopy of hadronic atoms: 
Energy shifts// Journal of Physics: C 
Ser.-2012.- Vol.397.-P.012013.

15. Flambaum V.V., Ginges J.S.M., Radia-
tive potential and calculation of QED ra-
diative corrections to energy levels and 
electromagnetic amplitudes in many-
electron atoms //Phys.Rev.-2005.-Vol.72.-
P.052115 (16p).

16. Glushkov A.V., Relativistic quantum 
theory. Quantum mechanics of atomic 
systems, Odessa: Astroprint, 2008.- 
700P.

17. Ivanov L.N.,Ivanova E.P., Extrapolation 
of atomic ion energies by model  poten-
tial method: Na-like spectra/ // Atom.
Data Nucl .Data Tab.-1999.-Vol.24.-
P.95-121.

18. Glushkov A.V., Ivanov L.N., Ivanova 
E.P., Radiation decay of atomic states. 
Generalized energy approach// Autoion-
ization Phenomena in Atoms.- M.: Mos-
cow  State Univ.-1986.  

19. Glushkov A.V., Ivanov L.N. Radiation 
decay of atomic states: atomic residue 
and gauge non-invariant contributions //  
Phys. Lett.A.-1992.-Vol.170.-P.33-38.

20. Pavlovich V.N., Serga I.N., Zelentsova 
T.N., Tarasov V.A., Mudraya N.V., In-
terplay of the hyperfine, electroweak 
and strong interactions in heavy hadron-
atomic systems and x-ray standards sta-
tus// Sensor Electronics and Microsyst. 
Techn.-2010.-N2.-P.20-26.

21. Serga I.N., Relativistic theory of spec-
tra of pionic atoms with account of 
the radiative and nuclear corrections// 
Photoelectronics.2013.-Vol.22.-P.84-92.

This article has been   received in May  2016  



38

UDC 539.184

I. N. Serga, T. A. Kulakli, A. V. Smirnov, O. Yu. Khetselius, V. V. Buyadzhi

RELATIVISTIC THEORY OF SPECTRA OF USUAL AND EXOTIC ATOMS WITH 
ACCOUNT OF THE NUCLEAR AND RADIATIVE CORRECTIONS: NITROGEN 

HYPERFINE TRANSITIONS ENERGIES

Abstract
A new theoretical approach to the description of spectral parameters pionic atoms in the excited 

states with precise accounting relativistic, radiation and nuclear effects is applied to the study of 
energy and spectral  parameters of transitions between hyperfine structure components. As an example 
of the present approach presents new data on the energies of the hyperfine structure transitions 5g-
4f, 5f-4d in the spectrum of pionic  nitrogen are presented and it is performed comparison with the 
corresponding theoretical data by Trassinelli-Indelicato.
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УДК 539.184

И. Н. Серга, Т. А. Кулакли,  А. В. Смирнов, О. Ю. Хецелиус, В. В.Буяджи

РЕЛЯТИВИСТСКАЯ ТЕОРИЯ СПЕКТРОВ ОБЫЧНЫХ И ЭКЗОТИЧЕСКИХ 
АТОМОВ С УЧЕТОМ  РАДИАЦИОННЫХ ПОПРАВОК: ЭНЕРГИИ ПЕРЕХОДОВ 

МЕЖДУ КОМПОНЕНТАМИ СВЕРХТОНКОЙ СТРУКТУРЫ АЗОТА 

Резюме
Новый теоретический подход к описанию спектральных параметров пионных атомов в воз-

бужденном состоянии с учетом релятивистских, радиационных эффектов применен к изучению 
энергетических параметров переходов между компонентами сверхтонкой структуры. В каче-
стве примера применения представленного подхода, представлены новые данные по энергиям 
переходов между компонентами сверхтонкой структуры переходов 5g-4f, 5f-4d в спектре пион-
ного азота и проведено сравнение с соответствующими теоретическими данными Trassinelli-
Indelicato.

Ключевые слова: релятивистская теория, сверхтонкая структура,  пионный атом 
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РЕЛЯТИВІСТСЬКА ТЕОРІЯ СПЕКТРІВ ЗВИЧАЙНИХ ТА ЕКЗОТИЧНИХ АТОМІВ 
З УРАХУВАННЯМ РАДІАЦІЙНИХ ПОПРАВОК: ЕНЕРГІЇ ПЕРЕХОДІВ МІЖ 

КОМПОНЕНТАМИ НАДТОНКОЇ СТРУКТУРИ АЗОТУ

Резюме
Новий теоретичний підхід до опису спектральних параметрів піонних атомів у збудженому 

стані з урахуванням релятивістських, радіаційних ефектів на основі рівняння Клейна-Гордона-
Фока  застосовано до вивчення енергетичних параметрів переходів між компонентами надтон-
кої структури.  Як приклад застосування представленого підходу, представлені нові дані про 
енергії переходів між  компонентами  надтонкої структури переходів 5g-4f, 5f-4d в спектрі піо-
ного азоту і проведено порівняння  з відповідними теоретичними даними  Trassinelli-Indelicato.

Ключові слова: релятивістська теорія, надтонка структура, піоний атом 


