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THE HYPERFINE STRUCTURE AND OSCILLATOR STRENGTHS PARAMETERS FOR
SOME HEAVY ELEMENTS ATOMS AND IONS: REVIEW OF DATA BY RELATIVISTIC
MANY-BODY PERTURBATION THEORY CALCULATION

Theenergies and hyperfine structure constants for some heavy Li-like multicharged ions are calculated
within the relativistic many-body perturbation theory formalism with a correct and effective taking
into account the exchange-correlation, relativistic, nuclear and radiative corrections. The magnetic
inter-electron interaction is accounted for in the lowest order on o (a is the fine structure constant)
parameter. The Lamb shift polarization part is taken into account in the modified Uehling-Serber
approximation. The Lamb shift self-energy part is accounted for effectively within the generalized
Ivanov-Ivanova non-perturbative procedure. The combined relativistic energy approach and relativistic
many-body perturbation theory with the zeroth order optimized one-particle approximation are used
for computing the Li-like ions (Z=11-42,69,70) and Cs energies and oscillator strengths, in particular,

of radiative transitions from the ground state to the low-excited and Rydberg states 2s
(n=2-12) in the Li-like ions. A comparison of the calculated oscillator strengths with
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available theoretical and experimental data is performed.

1. Introduction

The research on the spectroscopic and struc-
tural properties of the heavy neutral and highly
ionized atoms has a fundamental importance in
many fields of atomic physics (spectroscopy,
spectral lines theory), astrophysics, plasma phys-
ics, laser physics and so on (see, for example,
refs. [1-22]). One could also mention here the
important astrophysical applications. The experi-
ments on the definition of hyperfine splitting also
enable to refine the deduction of nuclear mag-
netic moments of different isotopes and to check
an accuracy of the various computational models
employed for the theoretical description of the
nuclear effects.

The multi-configuration relativistic Hartree-
Fock (RHF) and Dirac-Fock (DF) approaches
(see, for example, refs. [3-5, 8-18] are the most
reliable versions of calculation for multi-electron
systems with a large nuclear charge. Usually, in
these calculations the one- and two-body rela-
tivistic effects are taken into account practically
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precisely. It should be given the special attention
to three very general and important computer
systems for relativistic and QED calculations
of atomic and molecular properties developed
in the Oxford and German-Russian groups etc
(“GRASP”, “Dirac”; “BERTHA”, “QED”, “Di-
rac”) (see refs. [3-5, 8-18] and references there).
The useful overview of the relativistic electronic
structure theory is presented in refs. [12, 13,17-
20] from the QED point of view.

In the present paper the combined relativistic
energy approach and relativistic many-body per-
turbation theory with the zeroth order optimized
one-particle approximation are used for comput-
ing the Li-like ions (Z=11-42,69,70) and Cs en-
ergies and oscillator strengths, in particular, of
radiative transitions from the ground state to the
low-excited and Rydberg states 2s ,— np,,,,,
np, ,,,-nd,, , (1=2-12) in the Li-like ions. Re-
view of data and a comparison of the calculated
oscillator strengths with different available theo-
retical and experimental data is presented.



2. Relativistic method to computing hyper-
fine structure parameters of atoms and multi-
charged ions

Let us describe the key moments of the ap-
proach (more details can be found in refs. [11,
14, 20-23]). The electron wave functions (the
PT zeroth basis) are found from solution of the
relativistic Dirac equation with potential, which
includes ab initio mean-field potential, electric,
polarization potentials of a nucleus. The charge
distribution in the Li-like ion is modelled within
the Gauss model. The nuclear model used for the
Cs isotope is the independent particle model with
the Woods-Saxon and spin-orbit potentials (see
refs. [24]). Let us consider in details more simple
case of the Li-like ion. We set the charge distribu-
tion in the Li-like ion nucleus r(r) by the Gauss-
ian function:

plrfR)= (4Y3/ 2/ \/E)GXP(— v ) (1)
where g=4/pR’ and R is the effective nucleus ra-

dius. The Coulomb potential for the spherically
symmetric density 7( 7 ) is:
%)
()

Consider the DF type equations for a three-
electron system 1s?n/j. Formally they fall into
one-electron Dirac equations for the orbitals Is
and n/j with the potential:

V)= 2 M) V) Va0 i)

V(r|R) includes the electrical and the polarization
potentials of the nucleus; the components of the
Hartree potential (in the Coulomb units):
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Here P (III) is the distribution of the elec-
tron density in the state | i >, V_is the exchange
inter-electron interaction. The main exchange
effect will be taken into account if in the equa-
tion for the valent electron orbital we assume

V)=V lrleore)+ Vrlnbi) and in the equation for the nlj

orbital V()=2"{b.rlcore) (here b is the optimization
parameter; see below). The rest of the exchange

and correlation effects will be taken into account
in the first two orders of the PT by the total inter-
electron interaction [11, 12,15]. A procedure of
taking into account the radiative QED corrections
is in details given in the refs. [11,14,20-22]. Re-
garding the vacuum polarization effect let us note
that this effect is usually taken into consideration
in the first PT theory order by means of the Ue-
hling-Serber potential. This potential is usually
written as follows:

\/? -2 c(e)

3nr

U(r) = 2% T deexp(- 2rt/ch)(l +1/242 )
3nr ] (5)
where g=r/(aZ). In our calculation we use more
exact approach [22]. The Uehling potential, de-
termined as a quadrature (6), may be approxi-
mated with high precision by a simple analytical
function. The use of new approximation of the
Uehling potential permits one to decrease the cal-
culation errors for this term down to 0.5 — 1%.
A method for calculation of the self-energy part
of the Lamb shift is based on an idea by Ivanov-
Ivanova (see refs. [11]). It is supposed that for any
ion with n/j electron over the core of closed shells
the sought value may be presented in the form:

Egp(Z,nlj)=0.0271485 Az, nlj) (cm‘l ) |
JE
(6)
The parameter x=(E,)"*, E, is the relativistic
part of the bounding energy of the outer electron;

the universal function f(&,nlj ) does not depend
on the composition of the closed shells and the ac-
tual potential of the nucleus. The energies of elec-
tric quadruple and magnetic dipole interactions
are defined by a standard way with the hyperfine
structure constants, usually expressed through the
standard radial integrals [27]:

A={[(4,32587)10°Zcg ]/(4c-1)}(RA) ,

B={7.2878 107 Z2Q/[(4c>-1)I(I-1)} (RA) .,
(7)

Here g, is the Lande factor, O is a quadruple

momentum of nucleus (in Barn); (R4) ,, (RA) ,are
the radial integrals usually defined as follows:
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(RA).5,= Tdrrz[Fz(r) +G (UL R) (8)

The radial parts F and G of the Dirac function
two components for electron, which moves in the
potential V(r,R)+U(r,R), are determined by solu-
tion of the Dirac equations. To define the hyper-
fine interaction potentials U(1/7",R), we use the
method by Ivanov et al [11]. The key elements
of the optimized relativistic energy approach to
computing oscillator strengths are presented in
[1,15,29]. Let us remind that an initial general
energy formalism combined with an empirical
model potential method has been developed by
Ivanov-Ivanova et al [11], further more general
ab initio gauge-invariant relativistic approach
has been presented in [12], where the calibra-
tion of the single model potential parameter b
has been performed on the basis of the special
ab initio procedure within relativistic energy ap-
proach [12] (see also [1529,30]). All calculations
are performed on the basis of the numeral code
Superatom-ISAN (version 93). The details of
the used method can be found in the references
[1,11,14,21-24].

4. Results and Conclusions

Firstly we present the results of computing the
oscillator strengths of transitions in spectra of the
Li-like ions (Z=11-42,69,70). There are considered
the radiative transitions from ground state to the
low-excited and Rydberg states, particularly, 2s, ,

=P, ,,, 0P, 5,70dy,, (0=2-12). To test the ob-
tained results, we compare our calculation results
of the oscillator strengths values for some Li-like
ions with the known theoretical and tabulated re-
sults [29,31]. As an example, in table 1 we pres-
ent the computed oscillator strength values for the
2s,,—2p,, ,, transitions in Li-like ions S***, Ca'”,
Fe?*, Zn®", Zr’" , Mo®*, Sn¥"*, Tm®" , Yb%*. The
DF calculation data by Zilitis [31b] and the “best”
compillated (experimental) data [31a] for the low-
Z Li-like ions are listed in table 1 for comparison
too. Note that the experimental data on the oscilla-
tor strengths for many (especially, high-Z) Li-like
ions are missing.

Overall, there is a physically reasonable agree-
ment of the listed data. The important

features of the approach used are using the op-
timized one-particle representation and account
for polarization effects. It should be noted that an
estimate of the gauge-non-invariant contributions
(the difference between the oscillator strengths
values calculated with using the transition op-
erator in the form of “length” and “velocity”) is
about 0.3%, 1i.e., the results obtained with dif-
ferent photon propagator gauges (Coulomb, Ba-
bushkon, Landau) are practically equal. In Table
2 we present our results (RMPT) of computing
the reduced matrix elements (atomic units) of
different radiative transitions in the '#Cs spec-
trum [1,30b]. The experimental (Exp) and other
theoretical (SD- the results of computing within
the relativistic DF single-double approximation
[4a]; DF, RHFc — the Dirac-Fock and relativistic

50

Table 1
Oscillator strengths of the 2s,, —2p, , ., transitions in Li-like ions

Method DF [31D] DF [31D] [31c] [31c] [30b] [30b]

Ion 28122p1n 2812-2p3n 28102p12 | 28122p3n 2812-2p1n 2812-2p3n
sb* 0.0299 0.0643 0.030 0.064 0.0301 0.0641
Ca'”" 0.0234 0.0542 0.024 0.054 0.0236 0.0541
Fe™" 0.0177 0.0482 0.018 0.048 0.0179 0.0481
Zn’"" 0.0153 0.0477 - - 0.0156 0.0475
Zr’" 0.0114 0.0543 — - 0.0118 0.0540
Mo>* - - 0.011 0.056 0.0107 0.0556
Sn*’* 0.0092 0.0686 - - 0.0095 0.0684
Tm®" - — — - 0.0071 01140
Ybo'* 0.0067 0.1170 — - 0.0069 0.1167




Table 2

The reduced dipole matrix elements (a.u.) of some transitions in the Cs (see text)

Tran- SD Scaled DF RHF RHF[4 QDA RMPT Exp.
Sition [4a] [4a] [4b] [4c] d] [21c] [1,30b]
6p12-6s 4.482 4.535 4.510 4.494 - 4.282 4.486 4.4890(7)
6p3p-6s | 6.304 6.382 6.347 6.325 - 5.936 6.320 6.3238(7)
Tp1/2-6s 0.297 0.279 0.280 0.275 0.2825 0.272 0.283 0.284(2)
Tpan-6s | 0.601 0.576 0.576 0.583 0.582 0.557 0.582 0.583(9)
8pi2-6s 0.091 0.081 0.078 - - 0.077 0.087 -
8pi2-6s 0.232 0.218 0.214 - - 0.212 0.225 -
6pin-7s | 4.196 4243 4.236 4253 4237 4.062 4231 4.233(22)
6p32-7s 6.425 6.479 6.470 6.507 6.472 6.219 6.478 6.479(31)
Tpip-7s | 10254 | 10310 | 10289 | 10.288 | 10.285 | 9.906 10.308 | 10.308(15)
Tp3p-Ts 14.238 14.323 14.293 14.295 14.286 13.675 14.322 14.320(20)
Table 3
The hyperfine structure constants of some Li-like ions: A=Z’g, 4 (cm") and z__Z2°0 Bl )
1Q21-1)
nlj Z 20 69 79 92
3s A 26 —03 51-03 63 03 90 03
4s 4 15-03 19 -03 24 03 36 03
2pip 4 25 -03 56 03 71 -03 105 —02
3pin 4 81 -04 16 —03 20 -03 31-03
4pin A 32-04 72 04 91 -04 1103
2p3n 4 50 -04 67 04 71 -04 72 —04
B 9-04 13 04 15 -04 17 -04
3psn 4 13 -04 19 —04 21 -04 22 04
B 31-05 51-05 55-05 62 05
4psp 4 62 05 89 05 92 05 8-04
B 10 05 20 -05 22 05 26 —05
3dsp 4 88 —05 10 —04 11-04 12 -04
B 51 -06 9-05 10 -05 11-05
4dsp 4 3505 5105 5505 58 05
B 12 06 44 06 50 -06 56 06
3dsp 4 36 05 48 —05 50 -05 52 05
B 21 -06 38 06 39 06 40 -06
4ds, 4 1505 19 05 20 05 2105
B 59 -07 15 -06 16 —06 17 -06
4fs) 4 06-05 12 -05 13 05 14 05
B 16 —07 5307 58 07 63 07

Hartree —Fock method data with accounting for
the second order correlation corrections; QDA-
the data by the perturbation theory with the quan-
tum defect approximation) [4,21,29,30] data are
listed too.

In table 3 we present the calculated data of
the hyperfine structure constants for some Li-like

ions. There are presented results for the param-

7’0 -

eters: A=Z’g, 4 and p_ Bl )
1Q21-1)

In table 4 the experimental (4%%) and theo-
retical data of the magnetic dipole constant A
(MHz) for the valent states of '**Cs atom (/=7/2,
g,=0.7377208) are presented (from Ref. [1,5,29]).
The theoretical results are obtained on the basis
of the standard RHF (4**F) calculation, the RHF
(A®F+dA) calculation with taking into account
the PT second and higher corrections (look Refs.
[5,15,29] and references therein) and the RMPT
(A®MPT) calculation (our data). The analysis shows
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Table 4

The values (in MHZ) of the hyperfine structure constant A for valent states of the **Cs isotope:
AP - experiment; AR - the RHF calculation data; AR"*+dARYF - the RHF calculation data with
taking into account the PT second and higher orders contributions [5]; ARM*T — the RMPT cal-

culation data [29] (look details in Refs.[5,15,29])

State ARHF dA ARHF+dA dARMPT ARMPT AExp
[5] [5] [5] [29] [29]

681/ 1426,81 864,19 2291,00 870,96 229445 2298,16

781/ 392,05 151,99 544,04 152,45 545,480 545,90(9)

op1, 161,09 131,58 292,67 130,08 292,102 291,90(13)

D15 57,68 35,53 94,21 35,64 94,317 94,35(4)

6ps/, 23,944 25,841 49,785 26,322 50,205 50,275(3)

7D3/2 8,650 7,605 16,255 7,920 16,590 16,605(6)

5dsy, 7,802 16,422
that taking into account the correlation and QED 3. L.Labzowsky, W.Johnson, G. Soff, S.
corrections is important to reach the physically Schneider, Phys.Rev.A. 51,4597 (1995);
reasonable agreement between theoretical and V.Dzuba, V. Flambaum, M.S.Safranova,
experimental data. Phys. Rev A. 73, 022112 (20006).

The fundamental reason of physically reason- 4. S.A. Blundell, J. Sapirstein, W.R. John-
able agreement between theory and experiment son, Phys. Rev. D. 45, 1602 (1992);
is connected with the correct taking into account V. Dzuba, V. Flambaum, O. Sushkov,
the inter-electron correlation effects, nuclear (due Phys. Rev. A 56, R4357 (1997).
to the finite size of a nucleus), relativistic and ra- 5. K.Cheng, Y.Kim, J.Desclaux, Atom.
diative corrections. The key difference between Data Nucl. Data Tabl. 24, 11 (1979);
the results of the RHF, RMPT methods calcula- V. Yerokhin, A. Artemyev, V. Shabaev,
tions is explained by using the different schemes Phys.Rev.A. 75, 062501 (2007).
of taking into account the inter-electron correla- 6. M.Tomaselli, T. Kuhl, W. Nortershaus-
tions. The contribution of the PT high order ef- er, et al Phys.Rev.A. 65, 022502 (2002);
fects and nuclear contribution may reach the units 7. M.Tomaselli, S. Schneider, E. Kan-
and even dozens of MHz and should be correctly keleit, T. Kuhl, Phys.Rev.C. 51, 2989-
taken into account. So, it’s necessary to take into (1995).
account more correctly the spatial distribution of 8. J.Bieron, P.Pyykkd, P. Jonsson, Phys.
the magnetic moment inside a nucleus (the Bohr- Rev.A. 71, 012502 (2005).

Weisskopf effect), the nuclear-polarization cor- 9. PJ. Mohr, Phys. Rev. A. 26, 2338
rections etc too. (1982); Phys. Scripta T. 46, 44 (1993).
10. H. Persson, 1. Lindgren, S. Salomonson,
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Abstract

The energies and hyperfine structure constants for some heavy Li-like multicharged ions are calcu-
lated within the relativistic many-body perturbation theory formalism with a correct and effective tak-
ing into account the exchange-correlation, relativistic, nuclear and radiative corrections. The magnetic
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parameter. The Lamb shift polarization part is taken into account in the modified Uehling-Serber
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CBEPXTOHKASA CTPYKTYPA U CHJIBI OCHUJIVIATOPOB PAINALIMOHHBIX
INEPEXOJO0OB JJISAA PAJA ATOMOB U HOHOB TAKEJIBIX EJJEMEHTHUB: OB30P
JTAHHBIX BBIYACJIEHUI HA OCHOBE PEJIITUBUCTCKONH MHOTI'OYACTHYHOM
TEOPUU BO3MYIIIEHUI

Pe3rome

DHepruu U KOHCTAHTBI CBEPXTOHKOM CTPYKTYPHI JIsl HEKOTOPBIX TsLKEIbIX Li-mogoGHBIX MHOTO-
3apsAHBIX MOHOB BBIUKCIICHBI B paMKaxX PEISITUBHUCTCKON MHOTOYACTUYHOW TEOPUH BO3MYILEHUH C
3G (GEKTUBHBIM ¢ y4eTOM OOMEHHO-KOPPESIUOHHBIX, PEISTUBUCTCKUX, SIEPHBIX U paIUallMOHHBIX
MOTIPaBOK. MarHUTHOE MEX3JICKTPOHHOE B3aMMOJICHCTBHE YUUTHIBACTCS B HU3IIEM TIOPsIKe Ha a” (a
MOCTOSTHHAs! TOHKOM CTPYKTYpbl) apamertpy. [lonspusanmronnas yacts casura JIam0a yduThiBaeTCs
B MoauduIpoBanHoM npubnmxennn FOnunra-Cepodepa, COOCTBEHHO-IHEpreTUYeCcKas 4acTh CABUra
JIbmba - addexTuBHO B pamkax 0000IIeHHON HenepTypOaTuBHON npoueaypsl MBanosa-lBanoBoii.
OO60011IeHHBIH PEeISITUBUCTCKUN YHEPTeTUUECKUM MOAXO0A U MHOTOYACTUYHASI TEOPHH BO3MYIICHHIM
C ONTHUMH3UPOBAHHBIM HYJIEBBIM MPHUOIMKEHUEM HCIOIb30BAHBI ISl OTPEACNICHUS] SHEPTUH, CUI
OCITMJUIATOPOB MepexonoB B cnekrpax Cs, Li-momooHsIx noHOB (Z = 11-42,69,70) 1, B 4acTHOCTH,
paiMallMOHHBIX TEPEXOI0B U3 OCHOBHOTO COCTOSIHHS B HU3IINE BO30Y>KICHHBIE U PUIOEPrOBCKUE
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2s,,—1p,,,,, 0P, 5,-0d, , o, (0=2-12) cocrositmst B Li-nono0ubix nonax. [IposeseHo cpaBHeHHE dKC-
NIEPUMEHTAJILHBIX TAHHBIX U PE3YJIbTaTOB PacueTOB HA OCHOBE PA3JIUYHbBIX TEOPETUUECKUX METO/IOB.
KuroueBnbie cioBa: CBepxToHKasi CTpyKTypa, Cuibl OCHUILIATOPOB, PensSTUBUCTCKAs TEOPUSI BO3-

MYILEHHUI
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HAJITOHKA CTPYKTYPA I CWJIN OCIHIUISITOPIB PAILTIAINIMHUX TEPEXO/IB
JJISI JESIKAX ATOMIB TA IOHIB BAKKHWX EJJEMEHTIBXK OIVISII JAHUX
OBUYHNCJIEHb HA OCHOBI PEJSITUBICTCHKOI BATATOYACTUHKOBOI TEOPII
3BYPEHD

Pesrome

Eneprii 1 KOHCTaHTH HAATOHKOI CTPYKTYpPH JUIS JESKUX BaXKHX Li-momiOHUX Oarato3apsaHHUX
10HIB O0YHCIICHI B paMKax pensTHBICTCbKOi baratouacTkoBi Teopii 30ypeHb 3 €(eKTUBHHM 3 ypa-
XyBaHHSIM OOMIHHO-KOPEISLIHHUX, PENATUBICTCHKUX, SACPHUX 1 paaialilHUX MONpaBoK. MaruitHa
MDKEJIEKTPOHHA0 B3aEMOJIisi BPAXOBY€EThCS B HW)KYOMY IMOPSIIKY Ha a (a -CTaja TOHKOI CTPYKTYPH)
napametpy. [lonspusaniiina yactuHa 3cyBy JlemOa BpaxoByeThCsl B MOJAM(IKOBAHOMY HAOIMKEHHI
FOninra-Cepbepa, B1acHO-eHepreTuyHa 4acTHHa 3cyBy JlemOa - e()eKTMBHO B paMKax y3arajibHEHOI
HenepTypOariBHOI mpouenypu IBaHOBa-IBaHOBOI. Y3araJbHEHHH pPENATHBICTCHKUNA EHEPTEeTHUHUIM
miaxia i 6araTouacTMHKOBA Teopii 30ypeHb 3 ONTHUMi30BaHUM “0” HAOMMKEHHSIM BUKOPUCTaHI1 JUIsl BU-
3HAUEHHsI EHepriii 1 CHJI OCIMIIATOPIB MepexoiB B ciekrpax Cs, Li-nmonionux ionis (Z = 11-42,69,70),
30KpeMa, pajialiiiHiX [IEPEXO/IB 3 OCHOBHOIO CTaHy B HHKYI 30y/DKCHI 1 puiOEproBeki 2s, ,—np, , ., »,
np, ,,,-nd,, ., (0=2-12) cranun y Li-nonibuux ionax. IIpoBeaeHO MOPIBHSHHS CKCICPUMEHTAIBHIX
JAaHUX 1 JaHUX OOYMCIICHb Ha OCHOBI PI3HUX TEOPETUYHUX METO/IB.

Kuarwouosi cioBa: Hagronka ctpykrypa, Cuin ocumistopis, PenstuBicTcbka Teopist 30ypeHb
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