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THE RADIATIVE VACUUM POLARIZATION CONTRIBUTION
TO THE ENERGY SHIFT OF SOME LEVELS OF THE PIONIC HYDROGEN

Calculating the radiative contribution due to the vacuum polarization effect to energy value for some levels
in pionic hydrogen atom including in particular the main Uehling-Serber and the high-order Kéllen-Sabry and
Wichmann - Kroll corrections has been carried out using the modified Uehling-Serber potential. The values
for some characteristic energy corrections to 1s, 2p, 3p, 4p states of the pion hydrogen (in particular, radiation
contributions and contributions due to the finite size of the proton and pion are presented and compared with

alternative data by Schlesser-Indelicato et al.

1. Introduction

It is well known that the development of a new
theoretical approach to the description of spectral
parameters pionic atoms in the excited states with
precise accounting relativistic, radiation, nuclear,
electron screening effects (look [1-18]) on the ba-
sis of Klein-Gordon-Fock (Dirac) equation and
a development of a consistent relativistic theory
of hyperfine structure of spectra represents one
of actual fundamental problem of moden optics
and spectroscopy of hadronic atomic systems.
Especial problem is connected with précised cal-
culating the radiative corrections to the transition
energies of the low-Z exotic (pionic, kaonic, mu-
onic) atoms, namely, hydrogen and deuterium.
Naturally, it is provided by necessity of further
developing the modern as atomic and as nuclear
spectra theories. From the other side, one could
mention that the detailed data about spectra of the
exotic atomic systems (kaonic, pionic, muonic at-
oms) can be very useful under construction of the
new X-ray standards. It is worth to remind about
known achievements and a great importance of
the theoretical muonic, hadronic chemistry and
hadronic spectroscopy as well as the significant
progress in the modern experimental technologies
applying to hadronic atoms [1-15].
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The standard Dirac approach is traditionally
used as starting basis in calculations of the heavy
ions [2]. The problem of accounting the radiative
corrections, in particular, self-energy part of the
Lamb shift and vacuum polarization contribu-
tion is mostly treated with using the expansions
on the natural physical parameters //Z, aZ (a is
fine structure constant) [5,10]. It permits evalua-
tions of the relative contributions of different ex-
pansion energy terms: non-relativistic, relativistic
ones, as functions of Z. For high Z (Z is a nuclear
charge) it should be necessary to account for the
high-order QED corrections and the nuclear finite
size correction etc [1-3,10-12,16]. Further im-
provement of this method in a case of the heavy
ions is linked with using gauge invariant proce-
dures of generating relativistic orbital basises and
more correct treating nuclear and QED effects [1-
3]. In a case of the low-Z exotic atomic systems
such as an exotic hydrogen (deuterium) a great
interest attracts estimation of the radiative, in par-
ticular, vacuum polarization, correction. In refs.
[17-19] it has been proposed a precise scheme to
calculating spectra of heavy systems with account
of nuclear and radiative effects, based on the rela-
tivistic many-body perturbation theory (see also
[3]) and advanced effective procedures for ac-
counting the radiative corrections.



In this paper we present the results of calculat-
ing the QED contribution and first of all due to
the vacuum polarization effect to energy shift for
some levels energies of pionic hydrogen. The
obtained results are compared with the calcula-
tion data by [2]. As theoretical model we have
used relativistic models, presented in Ref. [20,21]
(look [23-25]).

The master equation for describing thepi-
onic atom dynamics is the Klein-Gordon-Fock
equation, which is in atomic units as follows:

(@ [E-1.()] +9 = (r)=0. (1)

Jie m-HaBeeHas Maca p-, E- eHepris IioH, V —3a-
TaJIbHUNA TOTEHITIAJI, KW, 30KpeMa, BKIIIOYAE Ky-
JIOHIBCBKUH TIOTEHIIIAT B3aeMOMIl p~ 3 simpoMm (3
ypaxyBaHHSIM CKIHYEHOTO PO3Mipy), y3arajabHeHHUH
pagianiiHUi MOTeHIa, MOTEHIIal EJIEKTPOHHUX
00O0JIOHOK.
where m- is a reduced mass, E- a pion energy V —
total electromagnetic interaction which includes
especially Coulomb interaction potential of p
with a nucleus (with accounting for the finite size
effect), radiation potential (including thr vacuum
polarization potential) and possibly the potential
of electron shells (for multi-electron pionic atom).
The total electromagnetic interaction potential:

V)=V () +Ur). (1)

includes the electrical ¥ and radiation (including
polarization) U,(r) potential of a nucleus with
accounting the finite size correction. The expec-
tation value of the radiative vacuum polariza-
tion operator gives the corresponding correction.
In ref. [21] it is presented a consistent approach
to determining radiation QED corrections
(main among them, of course, is the correction
the polarization of the vacuum; effect which is
typical for a distance of Compton wavelength
A, =h/m,c= 386.16Fm; while the Bohr radius
of a pion orbit 7 =194n° / Z Fm) to the energy
states of pionic atom, which is based on using the
Uehling-Serber potential with effective account-
ing for the Breit-Rosenthal-Crawford-Schawlow):

UR ()= -2 [ farewp -2l a2)
T
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and additional terms which take into account a
contribution of the corrections of [& (Za)]" or-
der, in particular, the Kéllen-Sabry and Wichmann
- Kroll corrections (o’ (aZ)+ a (Za)" ...

A vacuum polarization potential without the
Breit-Rosenthal-Crawford-Schawlow effect is
usually represented as follows (in fact in the first
PT order):

U(r):—ij?dtexp(—2rt/a2)(l+l/2t2)\/t;7_lE (3)
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The corresponding expectation value of this
operator gives the corresponding vacuum polari-
zation correction. In the scheme [20,21] this po-
tential is approximated by quite precise analytical
function (see details in refs. [12-16]). The most
advanced version of the such potential (C® C) is
presented as follows:

Ae)-G(@0@(G@+ale), )
Cr(2)= () Ale)

52 (g) =—1.8801exp (— g)/g3/2
C\(g)=h (g/2)+1.410545-1.037837¢

f(g)=((1.1024/g —1.3361)/g +0.8027)

The using this formula permits one to decrease
the calculation errors for this term down to ~0.1%.
Error of usual calculation scheme is~10%.

Earlier we carried out the calculation of the
vacuum polarization contribution to the energy
shift of a number of the levels and transitions in
kaonic and pionic nitrogen. One should keep in
mind that the energy.
levels of exotic (pionic, kaomic etc) atoms are
very sensitive to effects of QED, nuclear struc-
ture and recoil since the pion (kaon) is heavier
than the electron. As usually the fundamental
constants from the CODATA 1998 are used in
the numerical calculations. We have evaluated
the values for the QED contributions and other
specific corrections to the energy 1s, 2p, 3p, 4p
states of the pion hydrogen. In table 1 we present
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the values (in meV) for some characteristic en-
ergy corrections to 1s, 2p, 3p, 4p states of the pion
hydrogen (in particular, radiation contribtions and
contributions due to the finite size of the proton
and pion) estimated by the theory and Schlesser-
Indelicato et al. [5] and our theory. The following
abbreviations are used: correction on polarization
of the vacuum of Uehling Serber (PV-US), the
correction to the Breit interaction (BI), correction
to a size radius (SR) of a proton and a pion, the
higher-order corrections for a vacuum polariza-
tion Kallen-Sabry (PV-KS) and Wichman-Kroll
(PV-WC). Analyzing the results, it should be not-
ed that, in general between the theoretical results
(actually the contributions of electromagnetic en-
ergy in the state or transition) obtained under var-
1ous theories, in particular, our theory and the the-
ory Schlesser-Indelicato et al. [5] there is a fairly
good agreement that is easily explained in princi-
ple (as in the case of the conventional hydrogen
atom) in a sense negligible role of radiation and
nuclear finite-size corrections, Obviously it is of a
great interest application of the presented scheme
in computing QED corrections to levels energies
in heavy pionic atoms.

Table 1
The values (in meV) some specific corrections
to the energy 1s, 2p, 3p, 4p states of the pion
hydrogen (QED contributions and contribu-
tions by the proton and pion SR) according to
the theory Schlesser-Indelicato et al. [S] and
our theory (see. Text )

QED F Is [5] Is (our)
PV-US -3240.802 | -3240.799
BI 172 | -178.461 -178.458
372
SR p 61.711 61.711
T 39.33 39.33
PV-KS -24.365 -24.363
PV-WK -4.110 -4.113
QED F 2p [5] 2p (our)
PV-US -35.795 -35.793
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BI 1/2 -11.655 -11.652
32 -4.048 -4.046
SR p 0 0
T 0 0
PV-KS -0.346 -0.343
PV-WK -0.008 -0.010
QED F 3p [5] 3p (our.)
PV-US -11.407 -11.405
BI 1/2 -4.221 -4.219
3/2 -1.967 -1.965
SR p 0 0
T 0 0
PV-KS -0.108 -0.105
PV-WK -0.002 -0.003
QED F 4p [5] 4p (our)
PV-US -4.921 -4.918
BI 1/2 -1.943 -1.940
3/2 -0.992 -0.989
SR p 0 0
T 0 0
PV-KS -0.046 -0.044
PV-WK -0.001 -0.002
References

1. Lyubovitskij V., Rusetsky A., np atom in
ChPT: Strong energy-level shift// Phys.
Lett.B. —2000. — Vol.494. — P.9-13..

2. Mohr PJ., Energy Levels of H-like at-
oms predicted by Quantum Electrody-
na-mics,10<Z<40//Atom.Dat.Nucl.Dat.
Tabl. — 1983 — Vol.24,N2. — P.453-470.

3. Glushkov A.V., Relativistic quantum
theory. Quantum mechanics of atomic
systems, Odessa: Astroprint, 2008. —
700P.

4. Hayano R.S., Hori M., Horvath D., Wid-
man E., Antiprotonic helium and CPT
invariance//Rep. Prog. Phys. — 2007. —
Vol.70. — P.1995-2065.

5. Schlesser S., Le Bigot E.-O., Indelicato
P., Pachucki K., Quantum-electrodyna-
mics corrections in pionic hydrogen//
Phys.Rev.C.—2011.—Vol.84.—P.015211
(8p.).

6. Gotta D., Amaro F., Anagnostopoulos D.,

Pionic Hydrogen//Precision Physics of



10.

I1.

12.

13.

14.

15.

16.

17.

Simple Atoms and Molecules, Ser. Lec-
ture Notes in Physics (Springer, Berlin /
Heidelberg).-2008.-Vol.745.-P.165-186.

Mitroy J., Quantum defect theory for the
study of hadronic atoms/ Mitroy J., Ivall-
ov LA.// J. Phys. G: Nucl. Part. Phys. —
2001.—Vol.27. - P.1421-1433

Deslattes R., Kessler E., Indelicato P., de
Billy L., Lindroth E. , Anton J., Exotic
atoms//Rev. Mod. Phys. —2003. —Vol.75.
—P.35-70.

Borie E., Lamb shift in muonic hydro-
gen// Phys.Rev. A. — 2005. — Vol.71. —
P.032508-1-8.

Mohr P.J. Quantum Electrodynamics
Calculations in few-Electron Systems//
Phys. Scripta. — 1993. — Vol.46, N1. —
P.44-52.

Klaft I.,Borneis S., Engel T., Fricke B.,
Grieser R., Huber G., Kuhl T., Marx
D., Neumann R., Schroder S., Seelig P.,
Volker L. Precision laser spectroscopy of
ground state hyperfine splitting of H-like
29Bi#*// Phys.Rev.Lett. — 1994. — Vol.73.
—P.2425-2427.

Glushkov A.V., Relativistic quantum
theory. Quantum mechanics of atomic
systems, Odessa: Astroprint, 2008. —
700P.

Khetselius O.Yu., Relativistic perturba-
tion theory calculation of the hyperfine
structure parameters for some heavy-el-
ement isotopes// Int. Journ. of Quantum
Chemistry. — 2009. — Vol.109. — N14. —
P. 3330-3335.

Backenstoss G., Pionic atoms//Ann.Rev.
Nucl.Sci. — 1970. — Vol.20. — P.467-510.
Menshikov L I and Evseev M K, Some
questions of physics of exotic atoms//
Phys. Uspekhi.2001 — Vol. 171. — P.150-
184.

Ivanova E.P,, Ivanov L.N., Aglitsky E.V.,
Modern trends in spectroscopy of multi-
charged ions// Phys.Rep. — 1991. — Vol.
166. — P.315-390.

Glushkov A.V., Ambrosov S., Loboda
A., Chernyakova Y.G., Khetselius O.,
Svinarenko A., QED theory of the super-
heavy elements ions: energy levels, radi-
ative corrections, and hyperfine structure
for different nuclear models// Nuclear
Phys.A —2004. — Vol. 734. — P.21-28.

18.

19.

20.

21.

22.

23.

24.

25.

Glushkov A.V., Khetselius O.Yu., Gur-
nitskaya E.P., Loboda A.V., Florko T.A.,
Sukharev D.E., Lovett L., Gauge-invar-
iant QED perturbation theory approach
to calculating nuclear electric quadru-
pole moments, hfs structure constants
for heavy atoms and ions// Frontiers in
Quantum Systems in Chem. and Phys.
(Springer). — 2008. — Vol.18. — P.505-
522.

Kuznetsova A.A., Vitavetskaya L.A.,
Chernyakova Yu.G., Korchevsky D.A.,
Calculating radiative vacuum polariza-
tion contribution to the energy shift of
3p-1s transition in pionic deuterium//
Photo-electronics. — 2013. — Vol.22. —
P.108-111

Serga LN., Dubrovskaya Yu.V., Kva-
sikova A.S., Shakhman A.N., Sukharev
D.E., Spectroscopy of hadronic atoms:
Energy shifts// Journal of Physics: C
Series (IOP, London, UK). — 2012. —
Vol.397. - P.012013 (5p.).

Serga [.N., Relativistic theory of spectra
of pionic atoms with account of the ra-
diative and nuclear corrections// Photo-
electronics. —2013. — Vol.22. — P.71-75.
Kvasikova A.S., Ignatenko A.V., Flo-
rko T.A., Sukharev D.E., Chernyakova
Yu.G., Photoeffect and spectroscopy
of the hydrogen atom in the crossed dc
electric and magnetic field// Photoelec-
tronics. — 2011. — Vol.20. — P.71-75.
Kuznetsova A.A., Kvasikova A.S.,
Shakhman A.N., Vitavetskaya L.A., Cal-
culating the radiative vacuum polariza-
tion contribution to the energy shift of
2p-2s transition in m-hydrogen// Photo-
electronics. —2012. — N21. — P.66-67.
Khetselius O.Yu., Turin A.V., Sukharev
D.E., Florko T.A., Estimating of X-ray
spectra for kaonic atoms as tool for
sensing the nuclear structure// Sensor
Electr. and Microsyst. Techn. - 2009. -
N1.-P.30-35..

Serga I.N., Electromagnetic and strong
interactions effects in X-ray spectrosco-
py of pionic atoms // Photoelectronics.
—2011. - Vol.20. — P.109-112.

This article has been received within 2015

125



UDK 539.184

Yu. G. Chernyakova, L. A. Vitavetskaya, P. G. Bashkaryov, I. N. Serga, A. G. Berestenko

THE RADIATIVE VACUUM POLARIZATION CONTRIBUTION TO THE ENERGY
SHIFT OF SOME LEVELS OF THE PIONIC HYDROGEN

Abstract.

Calculating the radiative contribution due to the vacuum polarization effect to energy value for
some levels in pionic hydrogen atom including in particular the main Uehling-Serber and the high-
order Killen-Sabry and Wichmann - Kroll corrections has been carried out using the modified Ue-
hling-Serber potential. The values for some characteristic energy corrections to 1s, 2p, 3p, 4p states
of the pion hydrogen (in particular, radiation contributions and contributions due to the finite size of
the proton and pion are presented and compared with alternative data by Schlesser-Indelicato et al.

Key words: pionic hydrogen, radiative corrections

VK 539.184

0. I Yepnsaxosa, JI. A. Bumaseykas, I1. I bawkapvos, . H. Cepea, A. I Bepecmenko

PAIUNALIMOHHBIE BKUIAZIBI 3A CHET D®PEKTA ITOJAPU3ALIMU BAKYYMA B
CJIBUI DHEPTUM PAJJA YPOBHEN IMOHHOI'O BOJOPOJA

Pesrome.

[IpoBeneH pacuer paJMalMOHHOIO BKJIajAa 3a cyeT 3 dexra noyisgpuszaluy BakyyMa B BEIHMUHUHY
SHEPIUU psja ypOBHEW B MMOHHOM BOAOPOJIE B TOM YHCIIE, B YACTHOCTH, OCHOBHOH BKiaj FOnuHra-
CepOepa u BK1a161 BBICOKHX MOpsikoB Kamiena-Cabpu u Buumanna-Kposia ¢ ucrnonb3oBanueM Mo-
nudunuposanHoro noteHnuana KOnunra-Cep6epa. [IpuBeneHbl 3HaueHUs HEKOTOPBIX XapaKTEPHBIX
HHEPreTUUECKUX MOIPABOK K 3Hepruu 1s, 2p, 3p, 4p cOCTOSIHUN MHOHHOTO BOAOPO/JA (B YaCTHOCTH,
pasvalOHHbIE TIONIPaBKHU, IIONIPaBKU 33 CYET KOHEYHOI'0 pa3Mepa IPOTOHA U ITMOHA IPEACTABIEHbI U
JIp.) U TIPOBEJICHO UX CPaBHEHHUE M0 CPABHEHUIO C allbTepHATUBHBIMU JaHHBIM Schlesser-Indelicato u

Ap.
KuroueBble c10Ba: NTMOHHBIN BOAOPOA, palalliOHHbIE MONIPaBKU

126



VK 539.184

0. I Yepnsaxosa, JI. A. Bimaseyvka, 11. I bawxapvos, I. M. Cepea, A. I bepecmenko

PO3PAXYHOK PAJIIAIIIHHOTO BHECKY 3A PAXYHOK E®EKTY MOJIAPA3AIIIL BA-
KYYMY ¥ 3CYB EHEPI'Il JEKOTPUX PIBHI IIOHHOI'O BOJIHIO

Pesrome.

BukoHaHO po3paxyHOK pajialiifHOro BHECKY 3a paXyHOK e(peKTy mossipu3allii BaKyyMmy y BeJIU4U-
Hy €Heprii JeKOTpUX piBHIB y MIOHHOMY BOJHI Y TOMY YHCIIi, 30KpeMa, OCHOBHUIA BHecOK HOuiHTr-
CepOep 1 Bkiagu Bucokux nopsakis Kamnena-Cabpi 1 Biumanna —Kposuia, 3 BUKOpUCTaHHSIM MOJU-
¢ixoBanoro noteHiany FOninra-Cepoepa. HaBeneHi 3HaYCHHS IEIKUX XapaKTEPHUX CHEPTeTHUHUX
MIOTIPaBOK J10 eHeprii 1s, 2p, 3p, 4p cTaHiB MOHHOTO BOAHIO (30KpeMa, pajialiliHi MOnpaBKH, MOMpaB-
KM 3a paxXyHOK KIHIIEBOTO PO3Mipy IPOTOHA 1 MIBOHIT IPEJCTaBIIEHI 1 1H.) | mpoBeaeHO iX MOpIBHAHHS
B MTOPIBHSHHI 3 anbTepHaTUBHUMHU JaHuMHU Schlesser-Indelicato Ta iH.

KurouoBi ciioBa: mioHHUH BOIEHB, pajialliiiHi MONpaBKU

127



