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ELECTRON-COLLISIONAL SPECTROSCOPY OF ATOMS AND IONS:  ADVANCED 
ENERGY APPROACH

An advanced relativistic energy approach combined with a scattering theory is used to calculate the electron-
collision excitation cross-sections, collision strengths for a number of multicharged ions. The relativistic many-body 
perturbation theory is used alongside the gauge-invariant scheme to generate an optimal Dirac-Kohn-Sham- Debye-
Hückel one-electron representation.  The results of relativistic calculation (taking into account the exchange and 
correlation corrections) of the electron collision cross-sections (strengths) of excitation of the transition between the 
fine-structure levels (2P 3/2- 2P 1/ 2) of the ground state of F-like ions with Z = 19-26 and  of the [2s2 1S -(2s2p 1Р)] 
transition in the В-like O4+ are presented and analysed.

1. Introduction
Electron-collisional spectroscopy of atoms 

and multicharged ions is one of the most fast 
developing branches of modern atomic spec-
troscopy. The properties of laboratory and astro-
physical plasmas have drawn considerable at-
tention over the last  decades [1-15]. It is known 
that multicharged ions play an important role 
in the diagnostics of a wide variety of plasmas. 
Similar interest is also stimulated by importance 
of this information for correct determination of 
the characteristics for plasma in thermonuclear 
(tokamak) reactors, searching new mediums for 
X-ray range lasers. 

     In the case of solving collision problems 
involving multi-electron atomic systems, as 
well as low-energy processes, etc., the structure 
of atomic systems should be described on the 
basis of rigorous methods of quantum theory. 
As a rule, the Hartree-Fock (HF) or Hartree-
Fock-Slater (HFS) models  implemented in the 
tight-binding approximation were used to de-
scribe the wave functions of the bound states of 
atoms and ions. Another direction is the models 
of the central potential (model potential, pseu-
dopotential) implemented in the distorted wave 
approximation (DWA). It should be mentioned 
the currently widespread and widely used R-
matrix method and its various promising modi-
fications, as well as a generalization of the well-
known Dirac-Fock method to the case of taking 

into account multipolarity in the corresponding 
operators (see, e.g. , [1-7]).  It should be noted 
that, depending on the perturbation theory (PT)  
basis used, different versions of the R-matrix 
method received the corresponding names. For 
example, in specific calculations such versions 
as R-MATR-СI3-5R and R-MATR-41 R-matrix 
method were used using respectively wave func-
tions in the multiconfiguration approximation, in 
particular, 5- and 41- configuration wave func-
tions. As numerous applications of the R-matrix 
method have shown, it has certain advantages 
in terms of accuracy and consistency over such 
popular approaches as the first-order PT method, 
as well as the distorted wave approximation tak-
ing into account configuration interaction ( CI-
DWBA); --- approximation of distorted waves 
using the HF basis (HF-DWBA), finally, the rel-
ativistic approximation of distorted waves with 
a 1-configuration and multi-configuration wave 
function of the ground state (SCGS-RDWA, 
MCGS-RDWA, etc.). Improved models have 
also appeared in theories of the coupled-chan-
nel (VC) type VCDWA (Variational Continuum 
Distorted Wave), for example, a modification of 
the Vraun-Scroters type and others (see [1-5]). 
Various cluster methods have also been widely 
used (see in more details [1-3,14,15]). 

  In this paper, we present and use an ad-
vanced relativistic energy approach to calculate 
the electron-ion collision strengths, effective 
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collision strengths and the associated cross sec-
tions. The relativistic many-body PT is utilised 
alongside the gauge-invariant scheme to gener-
ate an optimal one-electron representation. The 
calculated effective collision strengths of the 
Ne-like krypton excitation are listed. 

2. Advanced energy approach to electron 
collision strengths for atomic systems

     The detailed description of our approach 
was earlier presented (see, for example, Refs. 
[7-9,13]). Therefore, below we are limited only 
by the key points. The generalized relativistic 
energy approach combined with the RMBPT 
has been in details described in Refs. [6,14-18]. 
It generalizes earlier developed energy approach 
[6,16]. 

     The key idea is in calculating the energy 
shifts DE of degenerate states that is connect-
ed with the secular matrix M diagonalization 
[6,16]. To construct M, one should use the Gell-
Mann and Low adiabatic formula for DE. The 
secular matrix elements are already complex in 
the PT second order. The whole calculation is 
reduced to calculation and diagonalization of 
the complex matrix M .and definition of matrix 
of the coefficients with eigen state vectors IK

ivieB ,  
[6,8,9]. 

     To calculate all necessary matrix elements 
one must use the basis’s of the 1QP relativistic 
functions. Within an energy approach the total 
energy shift of the state is usually presented as 
[6,16]:

                   DE = ReDE + i Г/2               (1)                                                   

where Г is interpreted as the level width and 
decay possibility P = Г. The imaginary part of 
electron energy of the system, which is defined 
in the lowest PT order as [6]: 
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for electron and for vacancy. 
The separated terms of the sum in (3) repre-

sent the contributions of different channels. It is 
known that their adequate description requires 

using the optimized basis’s of wave functions. 
In [6] it has been proposed “ab initio” optimiza-
tion principle for construction of cited basis’s. 
It uses a minimization of the gauge dependent 
multielectron contribution of the lowest QED 
PT corrections to the radiation widths of atomic 
levels. This contribution describes collective ef-
fects and it is dependent upon the electromag-
netic potentials gauge (the gauge non-invariant 
contribution dEninv). The minimization of Im-
dEninv leads to integral differential equation, that 
is numerically solved. In result one can get the 
optimal one-electron basis of the PT [14,16,17]. 
It is worth to note that this approach was used 
under solving of multiple problems of modern 
atomic , nuclear and molecular physics (see [14-
25]). The scattered part of ImrE appears first 
in the second order of the atomic PT. The col-
lisional de-excitation cross section is defined as 
follows [6,8,9]: 
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where Qr is the sum of the known Coulomb 
and Breit matrix elements [6,14,16]. The effec-
tive collision strength )( FI →Ω is associated 
with a collisional cross section s as follows (in 
the Coulomb units): 
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where Z is the nucleus charge and a is the 
fine structure constant, inε is the incident energy. 
Further let us firstly consider the Debye shield-
ing model according to Refs. [7-9]. 

     It is known in the classical theory of plas-
mas developed by Debye-Hückel, the interac-
tion potential between two charged particles  is 
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modelled by the Yukawa-type potential, which 
contains the shielding parameter μ. The param-
eter μ is connected with the plasma parameters 
such as the temperature T and the charge density 
n  as follows:  Tkne B/~ 2m . Here, as usually, 
е is the electron charge and кБ is the Boltzman 
constant.  

The density n is given as a sum of the elec-
tron density Ne and ion density Nk of the k-th ion 
species having the nuclear charge 

                    qk : ∑+=
k

kke Nq Nn 2 .            (4)

It should be noted that indeed the Debye 
screening for the atomic electrons in the Cou-
lomb field of nuclear charge is well understood 
due to the presence of the surrounding plasma 
electrons with high mobility. On the other hand, 
the contribution due to the Debye screening be-
tween electrons would be of smaller magnitude 
orders. 

Majority of the previous works on the spec-
troscopy study have considered the screening 
effect only in the electron-nucleus potential 
where the electron-electron interaction poten-
tial is truncated at its first term of the standard 
exponential expansion for its dominant contri-
bution [3-69]. However, it is also important to 
take into account the screening in the electron- 
electron interactions for large plasma strengths 
to achieve more realistic results in the search for 
stability of the atomic structure in the plasma 
environment. 

By introducing the Yukawa-type e-N and e-e 
interaction potentials, an electronic Hamiltonian 
for N-electron ion in a plasma is in atomic units 
as follows [7]:

(5)

To generate the wave functions basis we use 
the optimized Dirac-Kohn-Sham potential with 
one parameter [14,15], which calibrated within 
the special ab initio procedure within the relativ-
istic energy approach [16,17]. All calculations 
are performed on the basis of the code Supera-
tom-ISAN (version 93).

3. Results and conclusion
In Table 1 we present the results of our rel-

ativistic calculation (taking into account the 
exchange and correlation corrections) of the 
electron collision strengths of excitation the 
transition between the fine-structure levels (2P 
3/2- 2P 1/ 2) of the ground state of F-like ions with  
Z = 19-26. 

The energy of the incident electron is 
 ein = 0.1294×Z2 eV, T = z2 keV (z is the core 
charge), Ne = 1018 cm-3. For comparison, in Table 
1 there are also listed  the calculation results based 
on the most advanced versions of the R-matrix 
method, nonrelativistic calculation data in the 
framework of the energy approach, and also the 
available experimental data [1-3]. 

The analysis shows that the presented data are 
in physically reasonable agreement, however, 
some difference can be explained by using differ-
ent relativistic orbital basises and different models 
for accounting of the plasma screening effect. This 
circumstance is mainly associated with the correct 
accounting of relativistic and exchange-correlation 
effects, using the optimized basis of relativistic or-
bitals (2s2 2p5; 2s 2p6 2s2 2p4 3l, l=0-2)

Table 1. 

The electron collision strengths of excitation 
the transition between the fine-structure lev-
els (2P 3/2- 2P 1/ 2) of the ground state of F-like 

ions with Z = 19-26 

Ion ICFT
R-matrix

LS+JAJOM
R-matrix

Ar X 0.582 0.420
Ca XII 0.162 0.160
Ti  XIV 0.225 0.220
Cr  XVI 0.112 0.100

Fe  XVIII 0.132 0.110
Ion Our

data
Exp.
[6]

Ar X 0.492 0.49
Ca XII 0.159 -
Ti  XIV 0.252 -
Cr  XVI 0.142 -

Fe  XVIII 0.148 0.15

and, to a lesser extent, taking into account the 
effect of the plasma environment.

associated with a collisional cross section  
as follows (in the Coulomb units):  
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where Z is the nucleus charge and  is the 
fine structure constant, in is the incident 
energy. Further let us firstly consider the 
Debye shielding model according to Refs. [7-
9].  
     It is known in the classical theory of 
plasmas developed by Debye-Hückel, the 
interaction potential between two charged 
particles  is modelled by the Yukawa-type 
potential, which contains the shielding 
parameter . The parameter  is connected 
with the plasma parameters such as the 
temperature T and the charge density n  as 
follows:  Tkne B/~ 2 . Here, as usually, е 
is the electron charge and кБ is the Boltzman 
constant.   
     The density n is given as a sum of the 
electron density Ne and ion density Nk of the 
k-th ion species having the nuclear charge  
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It should be noted that indeed the Debye 
screening for the atomic electrons in the 
Coulomb field of nuclear charge is well 
understood due to the presence of the 
surrounding plasma electrons with high 
mobility. On the other hand, the contribution 
due to the Debye screening between 
electrons would be of smaller magnitude 
orders.  

Majority of the previous works on the 
spectroscopy study have considered the 
screening effect only in the electron-nucleus 
potential where the electron-electron 
interaction potential is truncated at its first 
term of the standard exponential expansion 
for its dominant contribution [3-69]. 
However, it is also important to take into 
account the screening in the electron- 
electron interactions for large plasma 
strengths to achieve more realistic results in 

the search for stability of the atomic structure 
in the plasma environment.  

By introducing the Yukawa-type e-N and 
e-e interaction potentials, an electronic 
Hamiltonian for N-electron ion in a plasma is 
in atomic units as follows [7]: 
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To generate the wave functions basis we use 
the optimized Dirac-Kohn-Sham potential 
with one parameter [14,15], which calibrated 
within the special ab initio procedure within 
the relativistic energy approach [16,17]. All 
calculations are performed on the basis of the 
code Superatom-ISAN (version 93). 
 

3. Results and conclusion 
 
     In Table 1 we present the results of our 
relativistic calculation (taking into account 
the exchange and correlation corrections) of 
the electron collision strengths of excitation 
the transition between the fine-structure 
levels (2P 3/2- 2P 1/ 2) of the ground state of F-
like ions with Z = 19-26.  
     The energy of the incident electron is in 
= 0.1294×Z2 eV, T = z2 keV (z is the core 
charge), Ne = 1018 cm-3. For comparison, in 
Table 1 there are also listed  the calculation 
results based on the most advanced versions 
of the R-matrix method, nonrelativistic 
calculation data in the framework of the 
energy approach, and also the available 
experimental data [1-3].  
     The analysis shows that the presented data 
are in physically reasonable agreement, 
however, some difference can be explained 
by using different relativistic orbital basises 
and different models for accounting of the 
plasma screening effect. This circumstance is 
mainly associated with the correct accounting 
of relativistic and exchange-correlation 
effects, using the optimized basis of 
relativistic orbitals (2s2 2p5; 2s 2p6 2s2 2p4 3l, 
l=0-2) 
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     The electron-ion collision characteristics 
for Be-like ions are of great interest for appli-
cations such as the diagnosis of astrophysical, 
laboratory, and thermonuclear plasmas, as well 
as EBIT plasmas (see, for example, [4,5]). In the 
latter case, the characteristic values   of electron 
density turn out to be significantly (several or-
ders of magnitude) less than those considered 
above (1015-1017). In particular, the so-called 
MEIBEL (the merged electron-ion beams ener-
gy-loss) experiment (1999), the results of which 
for a Be-like oxygen ion are presented in Fig. 1. 
In this figure there also listed the cross section 
(10-16 cm3) of the electron-collision excitation 
of the [2s2 1S -(2s2p 1Р)] transition in the spectra 
of Вe-like oxygen together with the data from 
an alternative 3-configuration R-matrix calcu-
lation [4]. At energies below 20eV there is the 
reasonable agreement between the theoretical 
and experimental, but, above 20eV there is a 
discrepancy, which is due to different degrees of 
allowance for correlation effects (interaction of 
configurations) due to the difference in the bases 
used. 

Fig.1. Cross section for electron-collision ex-
citation of the [2s2 1S -(2s2p 1Р)] transition in 
the spectra of В-like O4+: Experiment MEI-
BEL - points; Theory: R-matrix – solid line; 

our theory - dashed line.
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ЭЛЕКТРОН-CТОЛКНОВИТЕЛЬНАЯ СПЕКТРОСКОПИЯ АТОМОВ И ИОНОВ: 
РЕЛЯТИВИСТСКИЙ ЭНЕРГЕТИЧЕСКИЙ ПОДХОД

Резюме. Эффективный релятивистский энергетический подход в сочетании с теорией 
столкновений используется для расчета сечений электрон-столкновительного возбуждения, 
сил столкновений для ряда многозарядных ионов. Релятивистская теория многочастичная 
теория возмущений наряду с эффективной калибровочно-инвариантной схемой использу-
ется для генерации оптимального одноэлектронного представления Дирака-Кона-Шама-
Дебая-Хюккеля. Представлены и анализируются результаты расчета (с учетом обменных 
и корреляционных поправок) сечений  столкновительного  возбуждения перехода между 
уровнями тонкой структуры (2P 3/2- 2P 1/ 2)  F-подобных ионов и возбуждения перехода [2s2 1S 

-(2s2p 1Р)] в Ве-подобном O4+. 
Ключевые слова: спектроскопия ионов, энергетический подход, сечения столкновений  
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СПЕКТРОСКОПІЯ ЗА РАХУНОК ЕЛЕКТРОННИХ ЗІТКНЕНЬ АТОМІВ І 
ИОНОВ: РЕЛЯТИВІСТСЬКИЙ ЕНЕРГЕТИЧНИЙ ПІДХІД

Резюме. Ефективний релятивістський енергетичний підхід в поєднанні з теорією зіткнень 
використовується для розрахунку перетинів електрон-зіткнень збудження, сил зіткнень для 
ряду багатозарядних іонів. Релятивістська теорія багаточастинкових теорія збурень викорис-
товується для генерації оптимального одноелектронного уявлення Дірака-Кона-Шама-Де-
бая-Хюккеля. Представлені і аналізуються результати розрахунку (з урахуванням обмінних 
і кореляційних поправок) перерізів збудження за рахунок зіткнення переходу між рівнями 
тонкої структури (2P 3/2- 2P 1/ 2) F-подібних іонів і збудження переходу [2s2 1S -(2s2p 1Р)] в Ве-
подібному O4+.

Ключові слова: спектроскопія іонів, енергетичний підхід, перерізи зіткнень




