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OPTIMIZED RELATIVISTIC MODEL POTENTIAL METHOD AND
QUANTUM DEFECT APPROXIMATION IN THEORY OF RADIATIVE
TRANSITIONS IN SPECTRA OF MULTICHARGED IONS

The combined relativistic model potential approach and rel-
ativistic many-body perturbation theory with the zeroth order
optimized one-particle approximation are used for calculation
of the Li-like ions energies and oscillator strengths of radiative
transitions from ground state to low-excited and Rydberg states.
New element in our scheme is an implementation of optimized
relativistic model potential and quantum defect approximation)
approach to energy approach frames. Comparison of calculated
oscillator strengths with available theoretical and experimental

(compillated) data is performed.

1. Introduction

The research on the spectroscopic and struc-
tural properties of highly ionized atoms has a
fundamental importance in many fields of atomic
physics (spectroscopy, spectral lines theory), as-
trophysics, plasma physics, laser physics and so
on. It should be mentioned that the correct data
on radiative decay widths, probabilities and os-
cillator strengths of atomic transitions are needed
in astrophysics and laboratory, thermonuclear
plasma diagnostics and in fusion research. In
this light, an special interest attracts studying the
spectral characteristics of the He-, Li etc like ions.
There have been sufficiently many reports of cal-
culations and compilation of energies and oscilla-
tor strengths for the Li-like ions and other alkali-
like ions (see, for example, [1-19]). Particularly,
Martin and Wiese have undertaken a critical eval-
uation and compilation of the spectral parameters
for Li-like ions (Z=3-28) [1,2]. The results of the
high-precision non-relativistic calculations of the
energies and oscillator strengths of 1s22s;1522p
for Li-like systems up to Z = 50 are presented
in Refs. [9-17]. The Hylleraas-type variational
method and the 1/Z expansion method have been
used. Chen Chao and Wang Zhi-Wen [14] listed
the nonrelativistic dipole-length, -velocity, -ac-
celeration oscillator strengths for 1s22s—1s22p
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transitions of Lil isoelectronic sequence calcu-
lated within a full core plus correlation method
with using multiconfiguration interaction wave
functions. Fully variational nonrelativistic Har-
tree-Fock wave functions were used by Biémont
in calculating 1s2n2L (n<8=s,p,d,f; 3<Z<22) Li-
like states [16]. In many papers the Dirac-Fock
(DF) method, model potential, quantum defect
approximation in the different realizations have
been used for calculating the energies and oscil-
lator strengths of the Li-like and similar ions (see
Refs.[3-6,16-30]). The consistent QED calcula-
tions of the energies, ionization potentials, hy-
perfine structure constants for the Li-like ions are
performed in Refs. [18,19]. However, for Li-like
ions with higher Z, particularly, for their high-ex-
cited (Rydberg) states, there are not enough pre-
cise data available in literatures. In our paper the
optimized relativistic model potential (ORMP)
[26-29] combined with the relativistic energy ap-
proach [3-5] and many-body perturbation theory
(PT) [19,29] with zeroth order optimized 1-parti-
cle representation [4,21-24] are used for calcula-
tion the Li-like ions (Z=11-42,69,70) energies and
oscillator strengths of radiative transitions from
ground state to low-excited and Rydberg states.
The key feature of the presented basis theory is an
implementation of the relativistic model potential



(quantum defect approach) to the frames of en-
ergy approach for studying spectral parameters
of Rydberg multi-electron ions. The comparison
of calculated oscillator strengths with available
theoretical and experimental (compillated) data is
performed.

2. The theoretical method

In the relativistic energy approach [3,4,22-
24] the imaginary part of electron energy shift of
an atom is directly connected with the radiation
transition probability. An approach, using the
Gell-Mann and Low formula is used in treating
the relativistic atom. The total energy shift of the
state is usually presented as (see, for example,
[3,4,24] and also [21]):

AE =ReAE +i17/2 (1)
where [ is interpreted as the level width and
decay possibility P = I'. The imaginary part of
electron energy of the system, which is defined in
the lowest PT order as [3]:
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where > for electron and > for vacancy.
a>n>f a<n<f

The matrix element is determined as follows:
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The separated terms of the sum in (3) represent

the contributions of different channels and a
probability of the dipole transition is:
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The  corresponding  oscillator  strength:
gf =/12g -I" /6.67-10", where g is the degenera-

cy degree, A is a wavelength in angstrems (A).
Under calculating the matrix elements (3) one
should use the angle symmetry of the task and
write the expansion for potential sin|o|r /r,, on
spherical functions as follows [3,4]:

smflm 2\/52 M/Q g )/ M/qw‘fz) > (cosrr) “
where J is the Bessel function of first kind and
(M= 21 + 1. This expansion corresponds to
usual multipole one for radiative probability.
Substitution of expansion (5) to matrix element

of interaction gives [3,4]:
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where j. is the total single electron momentum, m,

Qul

— the projections; Q7" is the Coulomb part

of interaction, Q; — the Breit part. The Coulomb

part Q2 is expressed in terms of radial integrals
R, angular coefficients S, :

o :é{ (1243)5,(1243)+ R, (1243 )5, (1 243)

+R,(1333)s,(1343)+ &, (1233 )s, (1233 )}
(7

The different items in (7) include large and
small components of the Dirac functions; the sign
«~» means that in (7) the large radial component
f; 1s to be changed by the small g one and the
moment /,is to be changed by 7=/ -1 for the
Dirac number &> 0 and /+1 for @<0. The Breit
interaction part is defined by similar way (see
[3-5,21,24]. The relativistic wave functions are
calculated by solution of the Dirac equation with
the potential, which includes the «outer electron-
ionic core» potential and polarization potential
[21]. In order to describe interaction of the outer
electron with the He-like core the simplified Iva-
nova-Ivanov type model potential [3] is used. The
calibration of the single model potential param-
eter has been performed on the basis of the spe-
cial ab initio procedure within relativistic energy
approach [22] (see also [4,5,21]). In Ref.[22] the
lowest order multielectron effects, in particular,
the gauge dependent radiative contribution Im
dE . for the certain class of the photon propaga-
tor calibration is treated. This value is considered
to be the typical representative of the electron
correlation effects, whose minimization is a rea-
sonable criterion in the searching for the optimal
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one-electron basis of the relativistic many-body
PT. The minimization of functional Im dE
leads to integral-differential equation that can be
solved using one of the standard codes. There-
fore, it provides the construction of the optimized
I-particle representation and thus ORMP scheme
[27-29]. The same procedure is used in general-
ization of the relativistic quantum defect approxi-
mation (QDA). Usually, the most exact version of
the QDA is provided by using the empirical data
in order to determine the quantum defect values
for different state. The above described approach
allows to generalize the QDA and get a new ab
initio optimized QDA (OQDA) scheme, satisfy-
ing a principle of minimization for the gauge de-
pendent radiative contributions to Im 3£ for the
certain class of the photon propagator calibration.
A relativistic quantum defect is usually defined as
(see, for example, [30]:

,UZ(E,,):”_V,,+7—|Z, (8)
where y is he Dirac quantum number, and

y=Ar (@7, v, =%, A=("E(+e), e=1+a’E,.
)

In the non-relativistic limit (i.e. the fine structure
constant a—0) expression (8) transfers to the well
known non-relativistic expression for quantum
defect:

z

V-2E, (10)

where 7 is the principal quantum number, n* is
an effective quantum number, £ is an electron
energy and z is a charge of a core (ion).

u" (E)=n—n*=n-

3. Results

We applied the above described approach to
calculating the energies and oscillator strengths
of transitions in spectra of the Li-like ions (Z=11-
42,69,70). All calculations are performed on the
basis of the numeral code Superatom. There are
considered the radiative transitions from ground
state to the low-excited and Rydberg states, par-
ticularly, 28, 0Py 3100 np1/2,3/2'nd3/2,5/2 (n=2-12).
To test the obtained results, we compare our cal-
culation data on the oscillator strengths values
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for some Li-like ions with the known theoretical
and compillated data [1,2,6-17,25]. As example,
in table 1,2 we list our oscillator strengths val-
ues (ORMP and OQDA) for 2s, 2p, ., , transi-
tions in Li-like ions S"",Ca!'”",Fe?*" Zn*"",Zr*"",
Mo**, Sn*”*, Tm®*, Yb®* . The DF calculation
data by Zilitis [6] and the “best” compillated (ex-
perimental) data [1,2] for the some low-Z Li-like
ions are listed in tables 1,2 for comparison too.
It should be reminded that the experimental data
on the oscillator strengths for many (especially,
high-Z) Li-like ions are absent. In a whole, there
is a physically reasonable agreement between
the listed data. The important features of the ap-
proach used are using the optimized one-particle
representation and account for the polarization ef-
fect. Letus note that an estimate of the gauge-non-
invariant contributions (the difference between
the oscillator strengths values calculated with us-
ing the transition operator in the form of «length»
and «velocity») is about 0.3%. It means that the
results are practically equal within schemes with
using the different photon propagator gauges
(such as Coulomb, Babushkin, Landau). In table
3 we present the our oscillator strengths values
(ORMP and OQDA) for the 2s,, — np, (n=3-12,
j=1/2,3/2) transitions in spectrum of the Li-like
Cal7+.

Table 1. Oscillator strengths of the 2s , —2p ,
transitions in Li-like ions.

DF Exp. Our data: Our

ORMP data:
OQDA

Ton | 2s,,-2p,, | 28,,72P,, | 28,,72P,, | 28,,~

2p,,
St 0.0299 0.030 0.0301 |0.0303
Ca'”| 0.0234 0.024 0.0236 |0.0238
Fe?" | 0.0177 0.018 0.0179 |0.0181
Zn?™ | 0.0153 - 0.0156  [0.0158
Ze™ | 0.0114 - 0.0118 |0.0121
Mo*** - 0.011 0.0110 |0.0114
Sn*" | 0.0092 - 0.0095 [0.0099
Tm%* - - 0.0072  |0.0076
Yb* | 0.0067 - 0.0069 |0.0073




Table 2. Oscillator strengths of the 2s , —2p,,
transitions in Li-like ions.

DF Exp. Our data: Our
ORMP data:
OQDA

lon 2Sl/z_zp3/2 251/2_2p3/2 251/2_2p3/2 251/2_
2p3/2

N 0.0643 0.064 0.0641 0.0643
Ca'” | 0.0542 0.054 0.0541 0.0544
Fe®* | 0.0482 0.048 0.0481 0.0484

Zn*" | 0.0477 - 0.0475 0.0479
Zr'™ | 0.0543 — 0.0540 0.0544
Mo** - 0.056 0.0558 0.0562
Sn*™ | 0.0686 - 0.0684 0.0688
Tm%* - - 01140 01145
Yb™ | 0.1170 - 0.1167 0.1172

Table 3. Oscillator strengths of the
281/2 —np,, transitions in Ca!’,

Transition |QDA| DF | Exp. | Our data: | Our
ORMP | data:

OQDA

2s,,3p,, | — - 10.123| 0.122 0.127
2s,,-3p,, | — — 10.241| 0.243 0.248
2s ,—4p, | — - - 0.029 0.032
2s,,-8p,, |2.54*(2.53*| - 2.552 2.55°
2s,—-10p,, | 1.24*|1.24*| — 1.25° 1.252
2s,,~12p,,|0.70* 0.698° — 0.712 0.712

Note: *(10-gf).

The standard QDA, DF oscillator strengths
calculation results by Zilitis and some experimen-
tal data by Martin-Weiss [1,2,6,24] are listed in
table 3 too. The QDA oscillator strengths data be-
come more exact with the growth of the principal
quantum number. At the same time the accuracy
of the DF data may be decreased. The agreement
between the Martin-Weiss data and our results for
the transitions between low-lying terms is suffi-
ciently good.
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ONTUMHU3UPOBAHHBIN PEJATUBUCTCKUM METO MOJIEJILHOI'O
ITOTEHIHHUAJIA U METO/JI KBAHTOBOT'O JE®EKTA B TEOPUH PAJIUA-IIMOHHBIX
ITEPEXO1OB B CIIEKTPAX MHOI'O3APAJIHbBIX HOHOB

Pe3ome. KoMOMHMPOBAaHHBIN PENATUBUCTCKUI METOJI MOJIEIBHOTO TIOTEHIIMAIA U METOM TEOPUHU
BO3MYILIEHUH C ONTHUMHM3UPOBAHHBIM 1-4aCTUYHBIM HYJIEBBIM NPUOIMKEHUEM HCIIOJIB30BaHbl IS
BBIUHCJICHUS] DHEPIUi M CHUJI OCLUMJUIATOPOB PaJUallMOHHBIX IEPEXOJ0B M3 OCHOBHOIO COCTOSTHUS
B HM3KOJIGKAIME U PHUAOCPrOBCKHE COCTOSHUS B CHeKTpax Li-mogoOHbIX HOHOB. OCHOBHas
0COOEHHOCTH HOBOTO MO/IX0/1a 3aKJII0YAETCs B UMIUIEMEHTALMU ONITUMHU3UPOBAHHOTO PEJIITUBUCTCKOTO
IpUOIMKEHUST MOIETIBHOIO TIOTeHIIMaa (KBAaHTOBOTO 1e(heKTa) B paMKH HEPreTUYECKOTo MOAX0/1a.
BbinonHeH aHanu3 W CpaBHEHME IOJIYYEHHBIX JaHHBIX JUISI CHJI OCLHWIISTOPOB C MMEIOLIUMUCS
TEOPETUUECKUMU U SKCIIEPUMEHTAIbHBIMU JAHHBIMU.

KuroueBble cj10Ba: ONTUMU3UPOBAHHBIA METOJ, MOZAEIBHOIO MMOTEHIMAJIA, CHIIbI OCLUIUIATOPOB,
paavalioOHHbIE TIEPEXO/IbI

27



