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THEORETICAL STUDYING EXCITED STATES SPECTRUM OF THE 

YTTERBIUM WITHIN THE OPTIMIZED RELATIVISTIC MANY-BODY 

PERTURBATION THEORY 

Theoretical studying spectrum of the excited states for the ytterbium atom is carried out within the relativistic 

many-body perturbation theory with ab initio zeroth approximation and generalized relativistic energy approach. 

The zeroth approximation of the relativistic perturbation theory is provided by the optimized Dirac-Kohn-Sham 

ones. Optimization has been fulfilled by means of introduction of the parameter to the Kohn-Sham exchange 

potentials and further minimization of the gauge-non-invariant contributions into radiation width of atomic levels 

with using relativistic orbital set, generated by the corresponding zeroth approximation Hamiltonian. The ob-

tained theoretical data on energies E and widths W of the ytterbium excited states are compared with alternative 

theoretical results (the Dirac-Fock, relativistic Hartree-Fock, perturbation  theories) and available experimental 

data. Analysis shows that the theoretical and experimental values of energies are in good agreement with each 

other, however, the values of widths differ significantly. In our opinion, this fact is explained by insufficiently 

accurate estimates of the radial integrals, the use of unoptimized bases, and some other approximations of the 

calculation. 

1. Introduction

A great interest in the study of radiation and

autoionization processes involving electrons,

photons, atoms and ions is stimulated by new

classes of problems, in particular, in modern

laser physics and physics of astrophysical,

thermonuclear, laser and other plasmas (see

[1-52]). In recent years, among atomic sys-

tems, special attention has been paid to the

experimental and theoretical study of the

spectral characteristics of heavy atoms, in-

cluding atoms of lanthanides and actinides,

as well as multiply charged ions. Traditional-

ly, they are used in astrophysical research, in

studies of the physics of laboratory plasma

generated by various sources: laser pulses,

tokamaks, pinches, capillary discharges, etc.,

in studies of thermonuclear fusion. For sev-

eral decades, methods for the experimental

study of the spectroscopic characteristics of

the radiation of multiply charged ions have

been developed and improved. A detailed

description of experimental techniques can

be found in a number of well-known books,

reviews, and original experimental works

(see, e.g., [1-52]).

A modern quantum mechanics of atoms (as 

well as molecules) has undergone significant 

development over the past few decades. It is 

possible to recall such well-known, along 

with those mentioned above, methods such as 

the Rayleigh-Schrödinger, Möller-Plesset 

perturbation theory (PT) method, PT in 1/Z 

parameter  (Z is the charge of the atomic nu-

cleus) and electron-electron interaction, PT 

with a model potential approximation, with 

Hartree-Fock (HF) or Dirac-Fock (DF) ze-

roth approximations andd many others. The 

multi-configuration DF method is the most 

reliable version of calculation for multielec-

tron systems with a large nuclear charge. One 

should remember about very complicated 

structure of spectra of the heavy atoms, in-

cluding actinides, uranium, trans-uranium 

elements and others and necessity of correct 

accounting for the different correlation ef-

fects such as polarization interaction of the 

valent quasiparticles and their mutual screen-

ing, iterations of a mass operator etc.).  

     The aim of our present work is to use an 

effective method of relativistic many-body  

PT with an optimized ab initio Dirac-Kohn-
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Sham approximation [27-30] to study spec-

trum of excited  states for the ytterbium.  

 

2.  The relativistic many-body 

perturbation theory and energy approach 

 

As the method of computing is earlier pre-

sented in detail, here we are limited only by the 

key topics [27-30]. According to these Refs., 

the majority of complex atomic systems pos-

sess a dense energy spectrum of interacting 

states with essentially relativistic properties. In 

the theory of the non-relativistic atom a con-

venient field procedure is known for calculat-

ing the energy shifts   of degenerate states. 

This procedure is connected with the secular 

matrix M diagonalization [30-32]. In construct-

ing M, the Gell-Mann and Low adiabatic for-

mula for   is used.  

     In contrast to the non-relativistic case, the 

secular matrix elements are already complex 

in the second order of the electrodynamical 

PT (first order of the interelectron interac-

tion). Their imaginary part of   is connect-

ed with the radiation decay (radiation) possi-

bility. In this approach, the whole calculation 

of the energies and decay probabilities of a 

non-degenerate excited state is reduced to the 

calculation and diagonalization of the com-

plex matrix M. In the papers of different au-

thors, the Re E  calculation procedure has 

been generalized for the case of nearly de-

generate states, whose levels form a more or 

less compact group. One of these variants has 

been previously introduced: for a system 

with a dense energy spectrum, a group of 

nearly degenerate states is extracted and their 

matrix M is calculated and diagonalized. If 

the states are well separated in energy, the 

matrix M reduces to one term, equal to E . 

The non-relativistic secular matrix elements 

are expanded in a PT series for the interelec-

tron interaction. The complex secular matrix 

M is represented in the form [26,27]: 
 

 

                     0 1 2 3
.M M M M M        (1) 

 

where
 0

M  is the contribution of the vacuum 

diagrams of all order of PT, and 
 1

M , 

 2
M ,

 3
M  those of the one-, two- and three- 

quasiparticle diagrams respectively. 
 0

M  is a 

real matrix, proportional to the unit matrix. It 

determines only the general level shift. We 

have assumed  0
0.M   The diagonal matrix 

 1
M  can be presented as a sum of the inde-

pendent one-quasiparticle contributions. For 

simple systems (such as alkali atoms and 

ions) the one-quasiparticle energies can be 

taken from the experiment. Substituting these 

quantities into (1) one could have summa-

rized all the contributions of the one -

quasiparticle diagrams of all orders of the 

formally exact QED PT. However, the neces-

sary experimental quantities are not often 

available.  

     The first two order corrections to  2
Re M  

have been analyzed previously using Feyn-

man diagrams (look Ref. in [2,3]). The con-

tributions of the first-order diagrams have 

been completely calculated. In the second 

order, there are two kinds of diagrams: polar-

ization and ladder ones.  The polarization 

diagrams take into account the quasiparticle 

interaction through the polarizable core, and 

the ladder diagrams account for the immedi-

ate quasiparticle interaction [30-36]. Some of 

the ladder diagram contributions as well as 

some of the three-quasiparticle diagram con-

tributions in all PT orders have the same an-

gular symmetry as the two-quasiparticle dia-

gram contributions of the first order. These 

contributions have been summarized by a 

modification of the central potential, which 

must now include the screening (anti-

screening) of the core potential of each parti-

cle by the two others. The additional poten-

tial modifies the one-quasiparticle orbitals 

and energies.  

    Then the secular matrix is as follows:  
 

                     )2()1( ~~
MMM  ,              (2)  

 

where 
 1

M  is the modified one-quasiparticle 

matrix ( diagonal), and 
 2

M  the modified 

two-quasiparticle one. 
 1

M  is calculated by 

substituting the modified one-quasiparticle 

energies), and 
 2

M  by means of the first PT 
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order formulae for 
 2

M , putting the modi-

fied radial functions of the one-quasiparticle 

states in the radial  integrals..  

Let us remind that in the QED theory, the 

photon propagator D(12) plays the role of 

this interaction. Naturally the analytical form 

of D(12) depends on the gauge, in which the 

electrodynamical potentials are written. Inte-

relectron interaction operator with account-

ing for  Breit interaction has been taken as 

follows:   
 

         
 

ij

ji

ijji
r

αα1
riexprrV


  ,         (3) 

where, as usually, i are the Dirac matrices. 

In general, the results of all approximate cal-

culations depended on the gauge.  Naturally 

the correct result must be gauge-invariant. 

The gauge dependence of the amplitudes of 

the photoprocesses in the approximate calcu-

lations is a known fact and is investigated by 

Grant, Armstrong, Aymar and Luc-Koenig, 

Glushkov-Ivanov-Ivanova et al (see review 

in [9,32]). Grant has investigated the gauge 

connection with the limiting non-relativistic 

form of the transition operator and has for-

mulated the conditions for approximate func-

tions of the states, in which the amplitudes of 

the photo processes are gauge invariant (see 

review in [9]). These results remain true in 

the energy approach because the final formu-

lae for the probabilities coincide in both ap-

proaches. Glushkov-Ivanov have developed a 

new relativistic gauge-conserved version of 

the energy approach [32]. In ref. [27,30,35-

40] it has been developed its further generali-

zation. Here we applied this approach for 

generating the optimized relativistic orbitals 

basis in the zeroth approximation of the 

many-body PT. Optimization has been ful-

filled by means of introduction of the param-

eter to the Fock and Kohn-Sham exchange 

potentials and further minimization of the 

gauge-non-invariant contributions into radia-

tion width of atomic levels with using relativ-

istic orbital bases, generated by the corre-

sponding zeroth approximation Hamiltonians 

[26]. Other details can be found in Refs. 

[9,27-29,41-47]. 

3. Some results and conclusion 
                                                                              

Table 1 shows the experimental and theoretical 

data for the energies (measured from the 

energy of the ground state: 4f146s2 1S0) of 

some YbI singly excited states [2-7, 28-30]: 

MCHF-BP - data obtained on the basis of the 

multi-configuration Hartree-Fock method 
 

                                                            Table 1.  

Energy of the ground state: 4f
14

6s
2
 
1
S0) 

 of some YbI singly excited states: MCHF-BP - 

data obtained on the basis of the multi-

configuration Hartree-Fock method (MCHF) tak-

ing into account Breit-Pauli corrections (BP) (C, 

D different sets of configurations included in the 

calculation by the MCHF-BP method [4]); RHF 

— the data by Cowan, RHF method; RMBPT  - 

data of Ivanov-Letokhov et al., Method of the 

relativistic PT  with model zeroth approximation; 

DF-data of DF analysis of Wyart-Camus with 

empirical fit, QED-PT data, obtained within the 

relativistic (QED) theory [28-30]. 

 

Config.   J   
MCHF 

BPC   

MCHF+ 

BPD   

HFR   DF 

6s1/2
2 *

 0 0 0 0 0 

6s1/26p1/2 0 17262 18730 17320 17312 

6s1/26p1/2 1 17568 18813 17954 17962 

6s1/26p3/2 1 26667 25257 25069 25075 

6s1/26p3/2 2 18249 18999 19710 19716 

6s1/25d3/2 1 28871 23740 24489 24489 

6s1/25d3/2 2 28973 24172 24484 24751 

6s1/25d5/2 2 29633 26841 27677 27654 

6s1/25d5/2 3 29374 25500 25271 25270 

Config.   J   
QED-

PT 

RMBPT  Our 

data 

Exp 

6s1/2
2 *

 0 0 0 0 0
 

6s1/26p1/2 0 17310 17400 17305 17288 

6s1/26p1/2 1 18008 18100 18006 17992 

6s1/26p3/2 1 25094 25500 25088 25068 

6s1/26p3/2 2 19715 19800 19740 19710 

6s1/25d3/2 1 24410 23900 24527 24489 

6s1/25d3/2 2 24824 24600 24801 24752 

6s1/25d5/2 2 26970 26100 26712 27678 

6s1/25d5/2 3 25098 24900 25310 25271 
 

Note: * [34] E=-148710cm
-1

; E1=-148700cm
-1

; E2=-

148695cm
-1

; 
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 (MCHF) taking into account Breit-Pauli cor-

rections (BP) (C, D different sets of configu-

rations included in the calculation by the 

MCHF-BP method [4]); RHF — Cowen da-

ta, RHF method; RMBPT (E1) - data of 

Ivanov-Letokhov et al., Method - relativistic 

TV with zero approximation MF; data of DF 

analysis of Wyart-Camus with empirical fit, 

data of QED-PT [28-30]. 

  Analysis of the data in Table 1 shows that 

the role of exchange-correlation effects for 

the studied atom is extremely significant; 

The HF method with a small number of con-

sidered configurations has an error of more 

than 100 cm-1. Table 2 shows the experi-

mental and theoretical data of Letokhov et al. 

[17, 82] for the energy and width of excited 

(autoionization) states of the 7s6p configura-

tion in the YbI spectrum (which originate 

from the ground state: 4f
14

6s
2
 

1
S0 Yb): E1, 

W1 - RMBPT - data of Ivanov et al. [7]; E2, 

W2 – QED theory [8] (QED-PT); E3-

MCHF-BP data from Karacoban-Özdemir 

[4] (classification in [4] differs from our clas-

sification). E4W4 – our data. 
Table 2. 

Widts W (cm
-1

) of autoionization resonances of 

the YbI 7s6p configuration (see text) 

 

Term W3 W1 W2 W4 Wexp 
3
P0

0
 - 0.7 1.15 1.12 1.1 

3
P1

0
 - 3.0 1.10 0.98 0.95 

3
P2

0
 -    0.7    1.51 1.58 1.6 

1
P1

0
 -     1.8     2.48 2.55 2.6 

 

 Analysis shows that the values of E1-

E3, Eexp are in good agreement with each 

other, however, the values of W1-4, Wexp 

differ significantly. In our opinion, this fact is 

explained by insufficiently accurate estimates 

of the radial integrals, the use of unoptimized 

bases, and some other approximations of the 

calculation. This also applies to data obtained 

from the MCHF and RHF methods. 

 In our calculation, we used an opti-

mized basis of the orbitals of the basis states 

and more accurately took into account im-

portant many-particle exchange-correlation 

effects, including the polarization and screen-

ing interactions of quasiparticles above the 

closed shells core, the pressure of the contin-

uum and some other effects. 
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THEORETICAL STUDYING EXCITED STATES SPECTRUM 

OF THE YTTERBIUM WITHIN THE OPTIMIZED RELATIVISTIC MANY-BODY 

PERTURBATION THEORY 

 

Summary. Theoretical studying spectrum of the excited states for the ytterbium atom is 

carried out within the relativistic many-body perturbation theory with ab initio zeroth ap-

proximation and generalized relativistic energy approach.  The zeroth approximation of the 

relativistic perturbation theory is provided by the optimized Dirac-Kohn-Sham ones. Optimi-

zation has been fulfilled by means of introduction of the parameter to the Kohn-Sham ex-

change potentials and further minimization of the gauge-non-invariant contributions into ra-

diation width of atomic levels with using relativistic orbital set, generated by the correspond-

ing zeroth approximation Hamiltonian. The obtained theoretical data on energies E and 

widths W of the ytterbium excited states are compared with alternative theoretical results (the 

Dirac-Fock, relativistic Hartree-Fock, perturbation  theories) and available experimental data. 

Analysis shows that the theoretical and experimental values of energies are in good agree-

ment with each other, however, the values of widths differ significantly. In our opinion, this 

fact is explained by insufficiently accurate estimates of the radial integrals, the use of unop-

timized bases, and some other approximations of the calculation. 

Keywords: Relativistic perturbation theory, optimized zeroth approximation, ytter-

bium atom, spectrum of excited states 
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ТЕОРЕТИЧЕСКОЕ ИССЛЕДОВАНИЕ СПЕКТРА ВОЗБУЖДЕННЫВХ СОСТО-

ЯНИЙ ИТТЕРБИЯ НА ОСНОВЕ РЕЛЯТИВИСТСКОЙ МНОГОЧАСТИЧНОЙ 

ТЕОРИИ ВОЗМУЩЕНИЙ 

 

Резюме. В рамках релятивистской многочастичной теории возмущений и обобщен-

ного релятивистского энергетического подхода проведено теоретическое исследование 

спектра ридберговских состояний атома урана. В качестве нулевого приближения реля-

тивистской теории возмущений выбрано оптимизированное приближение Дирака-

Кона-Шэма. Оптимизация выполнена путем введения параметра в обменные потенциа-

лы Фока и Кона-Шэма и дальнейшей минимизацией калибровочно-неинвариантных 

вкладов в радиационные ширины атомных уровней с использованием релятивистского 

базиса орбиталей, сгенерированного соответствующим гамильтонианом нулевого при-

ближения. Полученные теоретические данные об энергиях E и ширинах W возбужден-

ных состояний иттербия сравниваются с альтернативными теоретическими результата-

ми (теории Дирака-Фока, релятивистского Хартри-Фока, теории возмущений) и имею-

щимися экспериментальными данными. Анализ показывает, что теоретические и экс-

периментальные значения энергий хорошо согласуются между собой, однако значения 

ширин существенно различаются. На наш взгляд, это объясняется недостаточно точ-

ными оценками радиальных интегралов, использованием неоптимизированных базисов 

и некоторыми другими приближениями расчетов. 

Ключевые слова: Релятивистская теория возмущений, оптимизированное нулевое 

приближение, атом иттербия, спектр возбужденных состояний 
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ТЕОРЕТИЧНЕ ВИВЧЕННЯ СПЕКТРУ ЗБУДЖЕНИХ СТАНІВ ІТЕРБІЮ 

 НА ОСНОВІ РЕЛЯТИВІСТСЬКОЇ БАГАТОЧАСТКОВІ ТЕОРІЇ ЗБУРЕНЬ 

 

Резюме. В рамках релятивістської багаточастинкової  теорії збурень і узагальненого 

релятивістського енергетичного підходу проведено теоретичне дослідження спектра 

збуджених станів атома ітербію. В якості нульового наближення релятивістської теорії 

збурень обрано оптимізоване наближення Дірака-Кона-Шема. Оптимізація виконана 

шляхом введення параметра в обмінний потенціал Кона-Шема і подальшої мінімізації 

калібрувально-неінваріантних вкладів в радіаційні ширини атомних рівнів з викорис-

танням релятивістського базису орбіталей, згенерованого відповідним гамільтоніаном 

нульового наближення. Отримані теоретичні дані про енергії E і завширшки W збудже-

них станів ітербію порівнюються з альтернативними теоретичними результатами (тео-

рії Дірака-Фока, релятивістського Хартрі-Фока, теорії збурень) і наявними експеримен-

тальними даними. Аналіз показує, що теоретичні і експериментальні значення енергій 

добре узгоджуються між собою, однак значення ширини істотно розрізняються. На наш 

погляд, це пояснюється недостатньо точними оцінками радіальних інтегралів, викорис-

танням неоптимізованих базисів і деякими іншими наближеннями розрахунків. 

Ключові слова: Релятивістська теорія збурень, оптимізоване нульове наближення, 

атом ітербію, спектр збуджених станів. 
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