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RELATIVISTIC CALCULATION OF WAVELENGTHS
AND E1 OSCILLATOR STRENGTHS IN LI-LIKE MULTICHARGED IONS
AND GAUGE INVARIANCE PRINCIPLE

The spectral wavelengths and oscillator strengths for 15%2s (°Sy,) — 15°3p (?Pyy,) transitions in the Li-like
multicharged ions with the nuclear charge Z=28,30 are calculated on the basis of the combined relativistic ener-
gy approach and relativistic many-body perturbation theory with the zeroth order optimized Dirac-Kohn-Sham
one-particle approximation and gauge invariance principle performance. The comparison of the obtained results
with available theoretical and experimental (compilated) data is performed. The important point is linked with an
accurate accounting for the complex exchange-correlation (polarization) effect contributions and using the opti-
mized one-quasiparticle representation in the relativistic many-body perturbation theory zeroth order that signifi-
cantly provides a physically reasonable agreement between theory and precise experiment.

1. Introduction

The development of new directions in the
The study of spectroscopic and structural
properties of the multicharged ions has a sub-
ject of significant interest for many physical,
astrophysical and chemical applications. The
levels energies, transitions probabilities, os-
cillator strengths and so on are very im-
portant in atomic physics (spectroscopy,
spectral lines theory), astrophysics, plasma
physics, laser physics, quantum electronics.
They are very much needed in research of
thermonuclear reactions, where the ionic ra-
diation is one of the primary loss mecha-
nisms and so on. The spectral lines belong-
ing to the radiation of many multicharged
ions have been identified in both solar flares
and nonflaring solar active regions, observed
in high-temperature plasmas, such as pinches
and laser-produced plasmas, and in beam-foil
spectra. The multiple observations of satellite
lines of the He-, Li-, Be-like multicharged
ions in the solar corona and in laboratory
plasmas have emphasized the need for accu-
rate values of the energetic and spectroscopic
parameters for multicharged ions. [1-10].

However, a study of the spectral charac-
teristics of heavy atoms and ions in the Ry-
dberg states has to be more complicated as it
requires a necessary accounting for the rela-
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tivistic, exchange-correlations effects and
possibly the QED corrections for superheavy
atomic systems. The simultaneous correct
accounting of relativistic, quantum electro-
dynamic (QED), and many-particle correla-
tion effects is essential [11-40]. The results
of calculating the characteristics of atomic
processes based on modern theoretical meth-
ods often differ several times.

The difference in the values of the transi-
tion amplitudes, the oscillator strengths, and
the radiation widths for heavy atoms using
various expressions for the photon propaga-
tor reaches 5-30% (we are essentially talking
about the non-fulfillment of the principle of
gauge invariance when calculating physical
quantities) [11-18]. From the point of view of
applications for the majority of the most im-
portant atomic systems, there is very often
partially or completely missing information
on their energy, radiation or/and autoioniza-
tion characteristics (heavy atoms, atoms of
alkaline-earth elements, lanthanides and acti-
nides).

In this paper The spectral wavelengths
and oscillator strengths for 1s%2s (*Sy,) —
1s%3p (*Pyp) transitions in the Li-like mul-
ticharged ions with the nuclear charge
Z=28,30 are calculated on the basis of the
combined relativistic energy approach and
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relativistic many-body perturbation theory
with the zeroth order optimized Dirac-Kohn-
Sham one-particle approximation and study-
ing an effect of the gauge invariance on the
transition amplitude values for some Li-like
multicharged ions.

2. Relativistic theory of multicharged ions

In Refs. [2-5,.8,16-25] the fundamentals
of the relativistic many-body PT formalism
have been in detail presented, so further we
are limited only by the novel elements. Let
us remind that the majority of complex atom-
ic systems possess a dense energy spectrum
of interacting states. In Refs. [16-24] there is
realized a field procedure for calculating the
energy shifts AE of degenerate states, which
is connected with the secular matrix M diag-
onalization. The whole calculation of the en-
ergies and decay probabilities of a non-
degenerate excited state is reduced to the cal-
culation and diagonalization of the M. The
complex secular matrix M is represented in
the form:

M=M+MY+M? MO, @)

where M © is the contribution of the vacuum
diagrams of all order of PT, and M

M® M® those of the one-, two- and three-
QP diagrams respectively. The diagonal ma-

trix M can be presented as a sum of the
independent 1QP contributions. The opti-
mized 1-QP representation is the best one to
determine the zeroth approximation. In the
relativistic energy approach, which has re-
ceived a great application during solving
numerous problems of atomic, molecular and
nuclear physics (e.g., see Refs. [16-54]), the
imaginary part of electron energy shift of an
atom is directly connected with the radiation
decay possibility (transition probability). An
approach, using the Gell-Mann and Low
formula with the QED scattering matrix, is
used in treating the relativistic atom. The to-
tal energy shift of the state is usually present-
ed in the form:

AE = ReAE +i /2 )

where T is interpreted as the level width, and
the decay possibility P = I". The imaginary
part of electron energy of the system, which
is defined in the lowest order of perturbation
theory as [16-20]:

2
e ,

mAEB) = - s
T asn>f
[a<n<f] , (3)
where (a>n>f) for electron and (a<n<f) for
vacancy. The matrix element is determined
as follows:

in‘a)‘ 2

= [ldndr ] () ¥ 5 () (= Wi () ¥] (1)

(4)
where aj; is the transition frequency; o ,o;
are the Dirac matrices. The separated terms
of the sum in (1) represent the contributions
of different channels and a probability of the
dipole transition
Naturally, the physical values should not de-
pend on the calibration of the photonic prop-
agator. In general form, it can be written as
D=Dyr+C-Dy,
)

]
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where the term D+ is corresponding to ex-
change by transverse photons, D — longitu-
dinal ones, C is the gauge constant. contribu-
tion of the main exchange-correlation (the
second and higher orders of the atomic per-
turbation theory or fourth etc of the QED
perturbation theory) diagrams to imaginary
part of an electron energy shift looks like
[17]:

Dy,

IME, (-S| A,) = —C::T_U”dqdrzdgdg
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W (r)A-aa,)/n, (e,

Sin[a)a" (rp +1y)+ Wy, -COS[a)an (1, +13,)1Q+ (a5ng,)

(a,na )Y, ()Y, (r)W, () W, () (6)
Expression (6) can be represented as an a
sum:

Z<0m1‘W1 ‘ns><sn‘W2 ‘ma>/(a)mn+ )

(7)
with (4) different operator combinations W,
W,. The sum over n can be calculated by the
method of differential equations. The index
m numbers a finite number of states occupied
in the core and the state of the real continu-
um. The continuum-related part describes the
vacuum polarization of the electron field and
leads to divergent integrals in the non-
renormalizable theory. Its contribution to the
main contribution has an additional order of
smallness (aZ?). The minimization of the
density functional ImJE leads to the integral
differential equation for the p, that can be
numerically solved. This step allows to de-
termine the  optimization parameter b. In
Ref. [8] the authors elaborated a simplified
computational procedure.

The contribution of the main exchange-
correlation (the second and higher orders of
the atomic perturbation theory or fourth etc
ones of the QED perturbation theory) to im-
aginary part of an electron energy shift is de-
termined by the polarizability of an atomic
core, which is related to the electronic core
density p.. The expression (6) can be repre-
sented an a functional of the density p..
Under calculating the matrix elements (2)
one should use the expansion for potential
sin|w|r;2/r12 on spherical functions as follows
[16-20]:

/\
s1n‘03‘r]2
= o )P, (coskr.
r 2%2 q ‘ ) A )

(8)
where J 1is the Bessel function of first kind
and (A)= 2A + 1. Substitution of the expan-
sion (5) to matrix element of interaction
gives as follows [14]:

oty

136

AN CAIN) A

A IR TATA NS 1)“( L ljx

it H
x Im{Q%"' (1234) + Q¥ (1234)], 9)

where j; is the total single electron momen-
tums, m; — the projections; QQ”I is the Cou-
lomb part of interaction, Q" - the Breit part.
Their detailed definitions are presented in
Refs. [10-11,18,19]. The relativistic wave
functions are calculated by solution of the
Dirac equation with the potential, which in-
cludes the “outer electron- ionic core” poten-
tial and exchange-polarization potential [20].
In fact, we realize the procedure of optimiza-
tion of relativistic orbitals base. The main
idea is based on using ab initio optimization
procedure, which is reduced to minimization
of the gauge dependent multielectron contri-
bution ImAE,;,, of the lowest QED PT cor-
rections to the radiation widths of atomic
levels. According to [11, 18], “in the fourth
order of QED PT (the second order of the
atomic PT) there appear the diagrams, whose
contribution to the ImAE;,, accounts for cor-
relation effects and this contribution is de-
termined by the electromagnetic potential
gauge (the gauge dependent contribution)”.
The accurate procedure for minimization of
the functional Imo3E,,, leads to the Dirac-
Kohn-Sham-like equations for the electron
density that are numerically solved by the
Runge-Cutta standard method It is very im-
portant to know that the regular realization
of the total scheme allows to get an optimal
set of the 1QP functions and more correct
results in comparison with so called simpli-
fied one, which has been used in Refs. [11-
13] and reduced to the functional minimiza-
tion using the variation of the correlation po-
tential parameter b. Other details can be
found in Refs. [8,16,17].

The adequate, precise computation of ra-
diative parameters of the heavy Rydberg al-
kali-metal atoms within relativistic perturba-
tion theory requires an accurate accounting
for the multi-electron exchange-correlation
effects (including polarization and screening
effects, a continuum pressure etc). These ef-
fects within our approach are treated as the
effects of the perturbation theory second and



higher orders. Using the standard Feynman
diagrammatic technique one should consider
two kinds of diagrams (the polarization and
ladder ones), which describe the polarization
and screening exchange-correlation effects.
The detailed description of the polarization
diagrams and the corresponding analytical
expressions for matrix elements of the polar-
ization interelectron interaction (through the
polarizable core of an alkali atom) potential
is presented in Refs. [16-40].

An effective approach to accounting for
the polarization diagrams contributions is in
adding the effective two-quasiparticle polar-
izable operator into the perturbation theory
first order matrix elements. In Ref. [21] the
corresponding non-relativistic polarization
functional has been derived. More correct
relativistic expression has been presented in
the Refs. [22,8] and used in our theory.

The corresponding two-quasiparticle po-
larization potential looks as follows:

dr'(p@ () a(r
Vpdo(rlrz)_X{J. r(lp—cr'( z)r]/_rz( )_

(e e o ol ) o) /<W>}

r-r r'-r,|
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<(ﬂ§°) )”3> = [dr(p® (r)]*6(r),  (L0b)

o=l o]

where p° is the core electron density (with-

out account for the quasiparticle), X is nu-
merical coefficient, ¢ is the light velocity.
The contribution of the ladder diagrams
(these diagrams describe the immediate in-
terparticle interaction) is summarized by a
modification of the perturbation theory ze-
roth approximation mean-field central poten-
tial (look [2,8]), which includes the screening

(anti-screening) of the core potential of each
particle by the two others. All computing was
performed with using the modified PC code
“Superatom-ISAN” (version 93).

3. Results and conclusion

We applied the above described approach
to compute the oscillator strengths (reduced
dipole matrix elements) for a number of tran-
sitions in spectra of the heavy alkali atoms
and corresponding ions.

In table 1 we list our computational results
on the wavelengths and oscillator strengths
gf (upper number in the line “Our work™: da-
ta, obtained without using the optimized ba-
sis set and accounting for the exchange-
polarization corrections; lower number in the
line “Our work” — with using the optimized
basis set and accounting for the exchange-
polarization corrections) for 1s%2s (°Sy) —
1s?3p (%Pyy) transitions in the Li-like ions
with Z=21,22. In Table 1 the data on the
wavelengths, oscillator strengths, calculated
by Banglin Deng et al [12] (in the frame-
work of the relativistic configuration-
interaction formalism using multiconfigura-
tion DF wave functions and considering the
Breit interaction, QED and nuclear mass cor-
rections), Zhang et al (the Dirac-Fock-Slater
method and disturbed wave approximation),
Martin et al (the relativistic quantum defect
method),Nahar (ab initio calculations includ-
ing relativistic effects employing the Breit-
Pauli R-matrix method) and the NIST data
[10-15] are listed too. The data by Banglin
Deng et al [12] are obtained in the length
gauge, and the ratios (V/L; in %) of the ve-
locity and length gauges data to check the
accuracy of calculations are listed. We also
present our values of the gauge non-invariant
contribution (Ninv; in %). Comparison of
the presented data shows that the agreement
between the theoretical data and experi-
mental results is more or less satisfactory. An
estimate of the gauge-non-invariant contributions
(the difference between the oscillator strengths
values calculated with using the transition opera-
tor in the form of “length” G1 and “velocity” G2)
is about 0.1%. The theoretical data, obtained with
using the different photon propagator gauges
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(Coulomb and Babushkin ones) are practically

equal.

T

Table 1.
he calculated wavelengths, oscillator

strengths for 15°2s (°Sy) — 1523p (°P1y)
transitions in the Li-like ions with Z=28,30;

VI/L
gau

is the ratios of the velocity and length
ges values by Banglin Deng et al [12];

Ninv (in %) is the gauge non-invariant con-

tribution (this work);

Z Ref. | Wave- |Oscillator] VI/L;
length | strength | Ninv (%)
(A) |(gf. 107)
28| Banglin | 9.104 | 1.2889 | V/L~0.2
Deng et al
NIST | 9.105 -
Zhang et| 9.099 | 1.299
al
Nahar 9.1 1.339
Martin 1.28
etal
Thiswork 9.103 | 1.3285 | Njn~0.1
1.2891
30| Banglin| 7.859 | 1.2983 | V/L~0.2
Deng et al
Zhang | 7.854 | 1.309
etal
Martin 1.29
et al
This | 7.858 | 1.3387 | Nj,~0.1
work 1.2985
Banglin | 7.859 | 1.2983 | V/L~0.2
Deng et al
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Khetselius O.Yu., Mykhailov, A.L.

RELATIVISTIC CALCULATION OF WAVELENGTHS AND E1
OSCILLATOR STRENGTHS IN Li-LIKE MULTICHARGED IONS
AND GAUGE INVARIANCE PRINCIPLE

Summary. The spectral wavelengths and oscillator strengths for 15225 (°Sy,) — 15°3p
(?P45) transitions in the Li-like multicharged ions with the nuclear charge Z=28,30 are calcu-
lated on the basis of the combined relativistic energy approach and relativistic many-body per-
turbation theory with the zeroth order optimized Dirac-Kohn-Sham one-particle approxima-
tion and gauge invariance principle performance. The comparison of the obtained results with
available theoretical and experimental (compilated) data is performed. The important point is
linked with an accurate accounting for the complex exchange-correlation (polarization) effect
contributions and using the optimized one-quasiparticle representation in the relativistic many-
body perturbation theory zeroth order that significantly provides a physically reasonable
agreement between theory and precise experiment
Key words: relativistic theory, radiative transitions, gauge invariance principle, lithium-
like ions
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PEJSATUBUCTCKHUMN PACUET JJIMH BOJIH Y E1 CWJI OCIIWJLIISITOPOB B LI-
INOAOBHBIX MHOI'O3APAAHBIX NOHAX U ITPUHIUII KAJIMBPOBOYHOU
NHBAPUAHTHOCTHU

Pe3tome. CrekrpanbHble JUIMHBI BOJH M CHJIBI  OCHHMJUIATOPOB IS TIEPEXOI0B
1s%2s (281/2) — 1823p (2P1/2) B Li-no00HBIX MOHAX ¢ 3apsaoM sapa Z = 28,30 BbIUKCIIEHBI Ha
OCHOBE KOMOWHHMPOBAHHOTO PEJISTHUBHCTCKOIO SHEPreTHUYECKOrO IMOJXO0Ja W PEISTHBUCTCKOM
MHOI'OYACTUYHOM TEOPUHM BO3MYILEHHMH C IMPAK-KOH-IIIMOBCKHM OJIHOYACTHYHBIM HYJIEBBIM
NpUOIMKCHHEM W YCIOBHEM COONIOJCHUS MPHHIMIIA KaIMOpPOBOYHOb WHBAPUAHTHOCTH B
paaraluoOHHBIX Iepexoaax. IIpoBeaeHo cpaBHEHHE HOJIYYEHHBIX PE3YIbTaTOB ¢ UMEHOLIMMUCS
TEOPETHYECKMMHU U SKCIEPUMEHTAIBHBIMU JaHHBIMH. BaKHbI MOMEHT CBSI3aH C aKKypaTHBIM
Y4ETOM BKJIAJIOB CIIOKHBIX MHOTOYACTHYHBIX OOMEHHBIX KOPPEJAMOHHBIX (TTOISPH3aIIMOHHBIX )
3 PEKTOB M C UCIOIB30BAHUEM ONTHMH3MPOBAHHOTO OJHOKBAa3MYaCTHYHOTO MPEICTABICHHS B
HYJIEBOM TPHOJIMKEHHH PEIATHBUCTCKOM MHOIOYACTHYHOM TEOPMH BO3MYIICHWH, YTO
OIIPEEISIET ONPEICIICHHOE COrJIaCHe TEOPHH M SKCIIEPUMEHTA.

KiroueBble c€I0Ba: DEISTUBUCTCKAS TEOPHs, PAJUALMOHHBLIE IIEPEXOBI, PUHIIKII
KaJIMOpOBOYHON MHBAPUAHTHOCTH, JINTHI-IT0100HBIE HOHBI

PACS 31.15.A-; 32.30.-r
Xeyenuyc O.10., Muxatinos O.J1.

PEJSATUBICTCHKHI PO3PAXYHOK JOBKHWH XBWIb I E1 CHJI OCHWIATOPIB
B Li-lIOJAIBHUX BATATO3APSITHUX IOHAX TA IPUHIIUIT KAJIIBPYBAJIBHOI
IHBAPIAHTHOCTI

Pe3tome. CriexTpasbHi JOBKHHH XBHJIb i CHJIM OCHHJIATOPIB JUIS TIEPEXOIIB 1s%2s (281/2) —
1823p (2P1/2) B Li-moniOHux OaraTo3apsaHux ioHax 3 3apsaoMm saapa Z = 28,30 oOuucneHi Ha
OCHOBI KOMOIHOBAaHOTO PEISATUBICTCBKOIO E€HEPreTUYHro MIAXOAY 1 PEeISTHUBICTCHKOT
6araTo4acTMHKOBOT Teopii 30ypeHb 3 JipaKk-KOH-IIEMIBCBKUM OJHOYACTMHKOBUM HAOJIMKEHHSAM
HYJBOBOTO TOPSIIKY 1 YMOBOIO JOTPUMaHHS MNPUHIUINY KajJiOpOBOYHO' I1HBapiaHTHOCTI B
panianiiinux nepexoaax. I[IpoBeneHO NOPIBHAHHS OTPUMAHMX pPE3YJIbTaTiB 3 HASIBHUMHU
TEOPETUYHHMH 1 EKCTIEPIMEHTAIBHUMH JaHUMHU. BakiuBHii MOMEHT IOB'SI3aHHUIA 3 aKypaTHUM
ypaxyBaHHSM BHECKIB CKJIAJJHUX 0araToyacTKOBUX OOMIHHHMX KOpENALINHHUX (MOJsSpU3aLiiHUX)
edeKTiB 1 3 BUKOPHCTAHHSM ONTHMI30BAaHOTO OJIHOKBA314aCTIYHOIO YSIBJIEHHS B HYJIHOBOMY
HAOMKEHH] PeNATUBICTCHKOI 0araTo4acTUHKOBOI Teopii 30ypeHb, 110 BH3HAYa€ MEBHY 3rOJY
Teopii Ta eKCIEPUMEHTY.

KawouoBi cioBa:  pensTUBICTCbKa  Teopis, pajiamiiiHi  Mepexoiu, MPHHLIUI
KaiOpyBaJIbHOI 1HBapiaHTHOCTI, JITIH-TIOM10HI 10HU
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