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OPTIMIZED RELATIVISTIC MANY-BODY
PERTURBATION THEORY IN CALCULATIONS OF
ATOMIC SPECTRAL AND RADIATION
CHARACTERISTICS: Eu ATOM

The new formalism of the relativistic gauge-invariant perturbation theory (RMBPT-ODF) with the optimized
Dirac-Fock approximation and a generalized energy approach is applied to the study of energy, radiation, and
spectroscopic characteristics of a group of heavy atomic systems, in particular, energy levels and transition
probabilities and oscillator strengths of the transitions 41"(*S)6s? ®S;, 417(®S)6s6p *Psi.7202, 417(3S)67p *Psnra,
417(®S)658p ®Pyy.7¢ in spectrum of the europium atom Eu 1. It is shown that the required formalism, in compa-
rison with the standard non-optimized relativistic Hartree-Fock and Dirac-Fock methods, allows obtaining
more accurate data both on energies and amplitudes and probabilities of radiative transitions, which is due to
the use of the optimized zero ODF approximation, a fairly complete and effective account of complex many-
body exchange-correlation effects. The contribution due to the polarization of the core reaches 30% of the
value of the oscillator strength; the value of the calibration-invariant contribution to the radiation width is
fractions of a percent, in contrast to all existing methods of modern atomic spectroscopy, for which the con-

tribution reaches 5-50%.

1. Introduction

The study of energy, radiation, spectro-
scopic, and generally structural properties of
heavy neutral and highly ionized atoms (so-
called multiply charged ions) is of fundamen-
tal fundamental importance in many areas of
atomic physics (theory of atomic spectra, spec-
troscopy, theory of spectral lines), astrophysics
, plasma physics, laser physics, etc [1-34]. The
development of new directions in the field of
atomic optics and spectroscopy, laser physics
and quantum electronics, such as precision
spectroscopy of heavy and superheavy atoms
and multi-charged ions, the latest astrophysical
research, pulsed heating methods in experi-
ments on controlled thermonuclear synthesis,
the creation of fundamentally of new schemes
of lasers in VUF, as well as further improve-
ment and development of new experimental
technologies, in particular with the use of new
laser technologies, accelerators, etc., deter-
mines the urgent need to solve urgent and im-
portant tasks of atomic optics and laser physics
on to a fundamentally new relativistic level of
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theoretical consistency and accuracy. In the
last decade, relativistic theoretical spec-
troscopy of heavy both ordinary and exotic
atomic systems, the so-called relativistic multi-
electron and hadronic atoms, as well as heavy
multi-charged ions, which covers the ultravio-
let and X-ray spectrum ranges, has been ac-
tively developing. It is well known that the
study of the structure of the spectral lines of
such atomic systems is of great interest for the
further development of atomic and nuclear the-
ories, as well as the theory of fundamental in-
teractions, including electroweak and strong.
Experiments to determine the properties of the
splitting of spectral lines, in particular, the
study of the characteristics of the ultrafine
structure, make it possible to specify the val-
ues of the nuclear magnetic moments of vari-
ous isotopes and to check the accuracy of vari-
ous computational models used for the theoret-
ical description of atomic nuclei in heavy sys-
tems [1-25].

Most of the standard methods of the theory,
despite the known progress in their develop-
ment, are not able to provide a simultaneous
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precise description of all the listed groups of
effects and corrections. Indeed, despite numer-
ous attempts to develop precise methods for
describing the spectra of heavy atomic systems
(the mega-Dirac-Fock (DF=DF) method, the
R-matrix method, the relativistic coupled-clus-
ter method, various versions of the TK etc.;
packages: "SUPERSTRUCTURE", "Dirac"-
package, "Beta-package", "QED", "GRASP",
"BERTHA", etc.), a whole set of problems of
simultaneous high-precision calculation re-
mains unsolved above mentioned effects.
Moreover, there is no information about a
rather large number of particularly heavy and
superheavy atoms (as well as the correspond-
ing multicharged ions) of Mendeleev's peri-
odic table, and the situation related to the
study of the characteristics of superheavy ele-
ments has acquired a particularly crisis charac-
ter due to the lack of any reliable data. A simi-
lar complex of complex theoretical problems is
also observed in the relativistic spectroscopy
of heavy hadronic (in particular, kaonic) multi-
electron atoms, for most of which no reliable
spectroscopic data are given in the literature
[26-29]. In our paper we present a formalism
of the relativistic gauge-invariant perturbation
theory (RMBPT-ODF) with the optimized
Dirac-Fock (DF) approximation, which is ap-
plied to the study of energy, radiation, and
spectroscopic characteristics of a group of he-
avy atomic systems, in particular, energy le-
vels and transition probabilities and oscillator
strengths of the transitions 4f7(®S)6s> *S;»
4f7(8S)6s6p 81)5/2,7.2,9.2, 4f7(8S)6S7p 8P5/2,7\2,
417(®S)6s8p *Pyn.70 in spectrum of the europium
atom Eu I. A generalized energy approach is
used to calculate the transitions probabilities
and oscillator strengths.

2. Relativistic many-body perturbation
theory with optimized Dirac-Fock zeroth
approximation

As the method of computing is earlier pre-
sented in detail, here we are limited only by
the key topics [25-30]. The theoretical founda-
tions of our method of combined relativistic
RMBPT with optimized Dirac-Fock-Breit
(ODF) zeroth approximation and generalized
energy approach for consistent description and
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calculation of energetic, radiative, and spectro-
scopic characteristics of heavy multi-electron
atomic systems with consistent, maximally
precise consideration of relativistic, nuclear ef-
fects (including the effects of Breit-Rosenthal-
Crawford-Schawlow, as well as Bohr-Weis-
skopf) and radiation QED corrections (includ-
ing the radiative corrections for vacuum po-
larization, the self-energy part of the Lamb
shift, as well as corrections of higher orders of
PT, in particular, Kéllen-Sabry of order o*(0.Z)
and Wichmann-Kroll of order a(Za)", etc. The
starting basis for the development of our new -
approach to the calculation of energy, radia-
tion and spectroscopic characteristics of heavy
atomic systems is the adiabatic formalism of
Gell-Mann and Lowe and the ab initio PT for-
malism with using the Feynman diagram tech-
nique. The well-known S-matrix adiabatic for-
malism of Gell-Mann and Lowe leads to PT
series on the coupling constant (in our case,
the electromagnetic interaction) for shifts dE.
The PT series are diagrammed in the standard
way (using the usual technique of Feynman di-
agrams). At the same time, it is natural that
new approximations in the theory of multi-
electron systems are conveniently formulated
as methods of summarizing Feynman dia-
grams of a certain type.

In the theory of the relativistic atom, there
is a technique related to the diagonalization of
the own matrix M for calculating the energy
shifts dE of the states, and the corresponding
matrix elements are complex. For a multi-elec-
tron atomic system in the relativistic theory,
the energy shift of the excited state is repre-
sented in the standard complex form as [1,31-
35]:

AE = ReAE + 1 ImAE, (1a)
Im AE =-1'/2, (16)

. . . AE .
Their imaginary part of =dE is con-

nected with the radiation decay (radiation)
possibility. The whole calculation of the ener-
gies and decay probabilities of a non-degener-
ate excited state is reduced to the calculation
and diagonalization of the complex matrix M.



The complex secular matrix M is repre-
sented in the form [1,31]:

M=M" + "+ 4 ),
)

where M Y is the contribution of the vacuum
. 1) 2

diagrams of all order of PT, and M ( , M | ),

M"Y those of the one-, two- and three- quasi-

particle diagrams respectively. M " s a real
matrix, proportional to the unit matrix. It de-
termines only the general level shift. We have

assumed M =0. The diagonal matrix M "
can be presented as a sum of the independent
one-quasiparticle contributions. For simple
systems (such as alkali atoms and ions) the
one-quasiparticle energies can be taken from
the experiment. The first two order corrections

to ReM" have been analyzed previously using
Feynman diagrams (look Ref. in [2,3]). In the
second order, there are two kinds of diagrams:
polarization and ladder ones.

The polarization diagrams take into account
the quasiparticle interaction through the polar-
izable core, and the ladder diagrams account
for the immediate quasiparticle interaction
[31-36].

Some of the ladder diagram contributions as
well as some of the three-quasiparticle dia-
gram contributions in all PT orders have the
same angular symmetry as the two-quasiparti-
cle diagram contributions of the first order.
These contributions have been summarized by
a modification of the central potential, which
must now include the screening (anti-screen-
ing) of the core potential of each particle by
the two others. The additional potential modi-
fies the one-quasiparticle orbitals and energies.
The relativistic polarization potential [39] by
Glushkov is used in our method.

In the QED theory, the photon propagator
D(12) plays the role of this interaction. Natu-
rally the analytical form of D(12) depends on
the gauge, in which the electrodynamical po-
tentials are written. Interelectron interaction
operator with accounting for Breit interaction
has been taken as follows:
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1-a,a;
V(rirj)=exp(ia)rij) : m,

ij

3)

where, as usually, ¢; are the Dirac matrices. In
general, the results of all approximate calcula-
tions depended on the gauge. Naturally the
correct result must be gauge-invariant. The
gauge dependence of the amplitudes of the
photoprocesses in the approximate calculations
is a known fact and is investigated by Grant,
Armstrong, Aymar and  Luc-Koenig,
Glushkov-Ivanov-Ivanova et al (see review in
[9,32]). Grant has investigated the gauge con-
nection with the limiting non-relativistic form
of the transition operator and has formulated
the conditions for approximate functions of the
states, in which the amplitudes of the photo
processes are gauge invariant (see review in
[9]). These results remain true in the energy
approach because the final formulae for the
probabilities coincide in both approaches.
Glushkov-Ivanov have developed a new rela-
tivistic gauge-conserved version of the energy
approach [32]. In ref. [30,35-40] it has been
developed its further generalization. Here we
applied this approach for generating the opti-
mized relativistic orbitals basis in the zeroth
approximation of the many-body PT.

The fundamental point of our approach is
the selection of the optimized Dirac-Fock
(ODF) potential as the zero approximation,
and the procedure for constructing a one-
quasiparticle representation is based on the
principle of constructing optimized atomic
bases in compliance with the principle of
gauge invariance, in particular, by minimizing
gauge-invariant contributions to the radiative
widths of the levels. Here it is important to
emphasize that this procedure is implemented
in this approach for the first time, in contrast to
alternative approaches in relativistic spec-
troscopy of heavy atoms and ions, where zero
approximations were built: unoptimized (stan-
dard) DF, Dirac-Hartree-Slater, Dirac-Kohn-
Sham (DKS), XV, relativistic HF, Hartree-
Fock-Slater, as well as model methods (model
potential, pseudopotential, etc.). The function
of a certain state of the system (ASF) with the
total angular momentum J, with its z-projec-
tion M and parity p has the form:



W, (JMP) = Z Co(S)D (Y MP)
i (4)
Y (1) Y (N)|
d’(}'mep} = Z da' : :

P ()

)|
(V)| (5)

where ¢ - configuration mixing factors for the
state s; d(y,,JM *) - state functions of a certain
configuration, that is, the Slater determinant of
4-component Dirac bispinors; y; - one-electron
relativistic wave functions.

The one-electron wave function can be
defined as

m

g 1{ Pax(r)- QA,vj(H.q‘),) ‘

r\iQn,(r)- Q™ (6.9))
™ (6)
where Q"-J‘(H' 2 angular 2-component
spinor, P(r) and Q(r) are the major and minor
radial parts of the wave function, respectively.
The optimization of the PT one-electron basis
has been fulfilled by means of introduction of
the parameter to the exchange potential and
further minimization of the gauge-non-invari-
ant contributions into radiation width of
atomic levels with using relativistic orbital
bases, generated by the corresponding zeroth
approximation Hamiltonian [1,32-36]. Other
details can be found in Refs. [25-47].

3. Some results and conclusion

In this subsection, we present the results of
the calculation of transition energies and prob-
abilities of some transitions in the spectrum of
heavy complex atoms (of the lanthanides
group) of europium Eu L.

Table 1 shows the considered transitions, as
well as the corresponding wavelengths that we
calculated. In the table w we present the re-
sults of our calculations (column F) of oscilla-
tor strengths of electric dipole transitions to-
gether with available experimental data (col-
umns E1, E2). For comparison, this table also
shows the calculation results (see details in [1,
4,5,48]) within the framework of the popular

and well-known Coulomb approximation (col-
umns A, B, C correspond to the calibration of
the photon propagator: Coulomb Babushkin,
Feynmann) [3] and the multi-configurational
DF method (column D), F — RMBPT with the
empirical model potential zeroth approxima-
tion; G - the results of our calculation.

Table 1. Transitions and corresponding wave-lengths (in
A) in the spectrum of Eul (our data)

N Transition

41'(*S)6s? 8S7, —41(*S)6s6p *Psy
4f'(*S)6s” ¥S7, —>41(*S)6s6p *P1
4f7(*S)6s? 8S7, —41'(*S)6s6p *Poy
4f'(*S)6s” ¥S7, —>41'(*S)6s7p *Ps,
4f'(*S)6s? 8S7, —41'(*S)6s7p *Pop
4f'(*S)6s” ¥S7, —41'(*S)6s7p *P1
4f'(*S)6s? 8S7, —41'(*S)6s8p *Po
4f'(*S)6s” ¥S7, —>41(*S)6s8p *P1
4f'(*S)6s? 8S7, —41'(*S)6s8p *Psp
Wavelength (in A)

4661,77

4627,15

4592,01

2743,16

2738,48

2731,33

2471,09

2461,68

2520,45

OO0 QAN N[ B[ WIN|—=[ZO|o QAN ||| W | —

The analysis of the obtained data allows us
to conclude that, firstly, our theory is in fairly
good agreement with the experiment, much
better in comparison with the well-known mul-
ticonfigurational DF method, as well as with
the simplified Coulomb approximation.

Secondly, as can be seen, in the Coulomb
approximation, the calculation data using dif-
ferent calibrations of the photon propagator are
quite different from each other, while in our
theory the difference in the data regarding the
strength of the oscillators does not exceed
0.05% (for the Coulomb calibration and the
Babushkin calibration ).
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Thirdly, the calculation demonstrated an ex-
tremely significant quantitative contribution
(up to 30%) due to the effects of interelectron
correlation (polarization and shielding interac-
tions) as effects of the second and higher or-
ders of the PT. Finally, the analysis shows that
the experimental data for the transitions
4f7(*S)65%*S7, —417(*S)6s7p* Py, Ta 417(*S)6s”
8S7n —417(®S)6s7p"P712, obviously contain some
error that in principle, it is explained by the ex-
tremely significant complexity of studying the
specified spectrum.

Table 2 Oscillator strengths of series of transitions in
the spectrum of Eul atom: experiment — E1, E2; A, B, C
— Coulomb approximation (data correspond to gauge of
photon propagator: Coulomb, Feynman, Babushkin), D
— multiconfiguration DF method, F — RMBPT with em-
pirical model potential zeroth approximation, G — our
RMBPT-ODF data

N A B C D

1 0,205 0,264 0,469 0,280
2 | 0272 0,350 0,622 0,374
3 0,342 0,439 0,781 0,540
4 | 0,0228 | 0,0293 | 0,052

5 | 0,0381

6 | 0,0303

7 | 0,0157

8 | 0,0098

9 | 0,0075

N El E2 F G

1 0,433 0,49 0,478 0,475
2 | 0,588 0,59 0,591 0,589
3 0,740 0,74 0,740 0,741
4 | 0,012 0,015 0,014
5 | 0,0024 0,028 0,025
6 | 0,0027 0,022 0,026
7 10,0015 0,0017 | 0,0016
8 | 0,0060 0,0063 | 0,0062
9 | 0,0045 0,0049 | 0,0047

Key to the adequate accuracy of the de-
scription of the spectroscopic characteristics of
europium is the precise consideration of re-
lativistic, radiation and exchange-correlation
effects, the use of optimized orbital bases. A
comparison of our results with the data of cal-
culations within the relativistic PT with the
Dirac-Kon-Shem approximation shows that
there is a certain difference in the values of en-

ergies and transition probabilities, which is in-
deed connected with the different degree of
consideration, including exchange-correlation
corrections.

The main conclusion of our calculations is
that the method of relativistic many-body per-
turbation theory RMBPT developed by us with
the optimized Dirac-Fock zeroth approxima-
tion (ODF) has a fairly high theoretical consis-
tency and precision, and can be used for calcu-
lations of such complex systems as atoms of
lanthanides, actinides, in general, heavy and
superheavy atoms as well as multicharged
ions.
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OPTIMIZED RELATIVISTIC MULTIPARTIC DISTURBANCE THEORY IN
CALCULATIONS OF ATOMIC RADIATION AND SPECTRAL CHARACTERI-
STICS: Eu ATOM

Resume. The new formalism of the relativistic gauge-invariant perturbation theory (RMBPT-
ODF) with the optimized Dirac-Fock approximation and a generalized energy approach is ap-
plied to the study of energy, radiation, and spectroscopic characteristics of a group of heavy ato-
mic systems, in particular, energy levels and transition probabilities and oscillator strengths of
the transitions 4fq(88)6s2 887/2 4f7(8S)6S6p 8P5/2,7_2,9.2, 4f7(SS)6s7p 8P5/2,7\2, 4f7(8S)6S8p 8P9/2,7\2 in Spec-
trum of the europium atom Eu L. It is shown that the required formalism, in comparison with the
standard non-optimized Hartree-Fock and Dirac-Fock relativistic methods, allows obtaining
more accurate data both on energies and amplitudes and probabilities of radiative transitions,
which is due to the use of the optimized zero ODF approximation, a fairly complete and effective
account of complex many-body exchange-correlation effects. The contribution due to the polari-
zation of the core reaches 30% of the value of the oscillator strength; the value of the calibration-
invariant contribution to the radiation width is fractions of a percent, in contrast to all existing
methods of modern atomic spectroscopy, for which the contribution reaches 5-50%.

Key words: Relativistic theory, optimized Dirac-Fock method, study of energy and ra-
diation characteristics, Eu atom

PACS 32.30.-r
B.F. Tepnoscwkuii,

ONITUMI3OBAHA PEJISAITUBICTCBKA BATATOYACTUHKOBA TEOPIS 35YPEHD
B OBUMCJIEHHAX ATOMHUX CIIEKTPAJIbHUX TA PAJIIAIIIMHUX XAPAKTE-
PUCTUK: ATOM Eu

Pe3tome. HoBuii ¢opmainizm pelsITHBICTCHKOI KaaiOpyBallbHO-1HBapiaHTHOT Teopii 30ypeHb
(RMBPT-ODF) 3 onTuMi3oBaHMM HYyJIbOBUM HaOmmwkeHHsM Jlipaka-Poka Ta y3aralibHEHHN
€HEepPTreTUYHUN TIAXIJT 3aCTOCOBAHO JI0 BUBUYCHHS CHEPTEeTUYHMX, PaJIialliiHUX 1 CIIEKTPOCKOIII-
YHUX XapaKTEPUCTHK TPYMH BAXKKUX AaTOMHHUX CHCTEM, 30KpeMa, eHeprii piBHIB Ta
iiMoBipHOCTElH mepexoniB Ta cun ocuunaTopis 4f7(3S)6s? *S;, 417(3S)6s6p *Psnr292, 417(3S)6s7p
Psn70, 417(*S)68p *Pyyn 70 aToMy €Bpomiro Eul. [lokazano, mo mykanuii popmaiizM y IMOPiBHSH-
Hi 31 CTAaHIAPTHUMHU HEONITHUMI30BaHUMH PEISATUBICTCBKUMH MeTonaMu XapTpi-Poka ta Jlipaka-
@doka [03BOJSIE OTpUMATH OUTHII TOYHI JaHi K IO EHeprifiX, Tak ¥ aMIUiTyaaM Ta
HMOBIpHOCTSM pajialliiHUX MEePEeXoiB, MO 00YMOBIECHO BUKOPUCTAHHSM OINTHMI30BAHOTO HY-
ap0BOr0 HabmmwkeHHs: ODF, 1ocuTh NOBHUM €(eKTHBHUM ypaxyBaHHSM CKJIaJHUX 0araroyacTH-
HKOBUX OOMIHHO-KOpesiiHuX edekTiB. BHecok 3a paxyHOK mossipusaiii octoBy aocsarae 30%
BiJI 3HAYEHHS CHJIM OCLMIIATOPA; BEIMUMHA KaTiOpyBalbHO-HEIHBAPiaHTHOTO BHECKY B pajialiifiHy
MIMPUHY CKJIAJIA€ JIOJI TMPOIIEHTY Ha BIJIMIHY BiJl YCIX ICHYIOUHMX METOJIB CY4YacHOI aTOMHOI
CIEKTPOCKOTIIT, ISl IKMX BHECOK jgocsrae 5-50%.

Karwuosi cioBa: PenstuBictchka Teopis, ontumizoBanuii meron [lipaka-doka, BUBYCHHS
E€HEepreTUYHUX Ta paJiallifHIX XapaKTepHCTUK, aToM Eu
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